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\\-------------------------------------------------------------------\\

\\ introducing some of gp’s elliptic-curve functionality \\

\\-------------------------------------------------------------------\\

\\ Ask gp what the function "ellinit" does

?ellinit

\\ the elliptic curve with a1=a2=a3=0 and prescribed c4,c6

E1(c4, c6) = ellinit([0, 0, 0, -c4/48, -c6/864])

\\ here’s the syntax for getting the discriminant and j-invariant

E1(C4,C6).disc

E1(C4,C6).j

\\ Mazur’s celebrated torsion theorem also holds -- and is much easier to prove

\\ -- not just for elliptic surfaces over Q(T) [where it’s also a consequence

\\ by specialization] but even for *nonconstant* elliptic surfaces over R(T)

\\ where R = field of real numbers, because (once the group is not contained

\\ in the 2-torsion) such a surface is tantamount to a map from P^1 to the

\\ modular curve parametrizing elliptic curves with the given torsion subgroup,

\\ and that curve is rational only for the groups in Mazur’s list: cyclic of

\\ order 1,2,...,10 or 12, and 2x2n for n=1,2,3,4. Over C(T) there are three

\\ further possibilities that can’t arise over R, namely 4x4, 3x6, and 5x5.

\\

\\ We next give explicitly for each n=2,3,...,10 the universal

\\ elliptic curve E with an n-torsion point P. We call these

\\ E2, E3, ..., E10. In each case P is at [0,0] (<==> a6=0),

\\ and for n>2 the tangent line at P is horizontal (<==> a4=0).

\\ for n=2,3,4 the digits 1,2,3,4 in a1,a2,a3,a4 are weights; thus

\\ for instance E3(a1,a3) \isom E3(c*a1,c^3*a3). For n>4 the parameters

\\ a,b are homogeneous of the same weight, so we have the universal curve

\\ over the projective (a:b)-line X_1(n). These formulas, or equivalent ones,

\\ are all "well-known" but I don’t know of a standard place that lists

\\ them all.
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E2(a2,a4) = ellinit([0, a2, 0, a4, 0])

E3(a1,a3) = ellinit([a1, 0, a3, 0, 0])

E4(a1,a2) = ellinit([a1, a2, a1*a2, 0, 0])

E5(a,b) = ellinit([a+b, a*b, a*b^2, 0, 0])

E6(a,b) = ellinit([a-b, -a*(a+b), a*b*(a+b), 0, 0])

E7(a,b) = ellinit([a^2+a*b-b^2, a*b^2*(a-b), a^3*b^2*(a-b), 0, 0])

\\ for E7 see [Tate 1966], with b/a being Tate’s parameter d

E8(a,b) = ellinit([a^2+2*a*b-b^2, a^2*b*(a-b), a^3*b*(a^2-b^2), 0, 0])

\\ use "\" at the end of a line to continue a long formula ...

E9(a,b) = ellinit([a^3-a^2*b-b^3, \

a^2*b*(b-a)*(a^2-a*b+b^2), \

a^2*b^4*(a-b)*(a^2-a*b+b^2), \

0, 0])

\\ or enclose it with {...}

{

E10(a,b) = ellinit([2*a^3-2*a^2*b-2*a*b^2+b^3,

a^3*b*(b-a)*(2*a-b),

a^3*b^2*(b-a)*(2*a-b)*(a^2-3*a*b+b^2),

0,0])

}

\\ For E9 and E10 see e.g. Lemmermeyer,

\\ www.fen.bilkent.edu.tr/~franz/ta/ta18.pdf,

\\ Prop.6 and 7 with d=a/b

\\ note that these [a1,a2,a3,0,0] are much simpler than the

\\ usual "narrow Weierstrass" form [0,0,0,-c4/48,-c6/864].

\\ For many purposes it is better to work with these extended,

\\ albeit less canonical, formulas; not only are they more appealing,

\\ but they also tend to show more of the relevant structure (we’ll see

\\ some examples soon), and to make some computations easier as well.

\\ For example, here’s a curve with a 10-torsion point whose conductor

\\ is small enough to be in the original (Tingley/"Antwerp") tables

\\ of modular elliptic curves:

e150 = E10(1,4)

\\ for a curve over Q, gp knows how to compute the torsion subgroup:

elltors(e150)
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\\ the output "[10, [10], [[0, 480]]]" says the group has size 10,

\\ with a single generator -- this is automatic here, but compare

\\ the outputs of "elltors(ellinit([0,0,0,-1,0]))" and

\\ "elltors(ellinit([0,0,0,4,0]))" -- and one choice of generator is

\\ [0,480] (which is not our P, but has the same x-coordinate, so

\\ must be -P). Note that the coefficients 26, -24, -480 have factors

\\ 2, 4, 8, so we can obtain an equivalent curve by scaling by 2:

e150 = ellchangecurve(e150,[2,0,0,0])

\\ and now the coefficients are [13, -6, -60, 0, 0]. Compare this

\\ with the standard model

? ellglobalred

e150_red = ellglobalred(e150)

e150_standard = ellchangecurve(e150, e150_red[2])

\\ at the cost of forcing a1, a2, a3 in {0,1,-1} we’ve made the

\\ coefficients a4, a6 much larger (-828 and 9072).

\\-------------------------------------------------------------------\\

\\ A bit more about the universal curve E10 over X_1(10) \\

\\-------------------------------------------------------------------\\

\\ for example, to test that P really is a 10-torsion point on E10(a,b):

E = E10(a,b);

\\ ending a line of input with ";" suppresses the output, which for E10(a,b)

\\ covers 30+ lines

P = [0,0]

P_mult = vector(10,n,ellpow(E,P,n))

\\ the last entry is [0], which is gp’s notation for the zero point of

\\ an elliptic curve, and is not the same as P=[0,0].

\\ P_mult is long enough that you might suspect there might be another [0]

\\ hiding in the middle (if P were really a 5-torsion point); so let’s check:

vector(10,n,P_mult[n]==[0])

\\ the output is [0, 0, 0, 0, 0, 0, 0, 0, 0, 1], as desired; equivalently,

vector(10,n,P_mult[n]==[0]) == vector(10,n,n==10)

\\ outputs 1 (true).

\\ Two warnings:

\\ 1) as in C, be careful about == vs. =

\\ 2) unlike C (and Python and Sage), gp’s vectors and matrices

\\ are indexed starting at 1, not 0
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\\ Where are the singular fibers of this curve E = E10(a,b)?

\\ We’d like to answer this by telling gp "factor(E.disc)",

\\ but this returns the error message

\\ *** factor: sorry, factor for general polynomials is not yet implemented.

\\ -- and who knows when if ever it will be implemented in gp (Sage has it).

\\ Still, the discriminant is a homogeneous polynomial in (a:b),

\\ so we can dehomogenize by setting (a,b) = (d,1)

\\ [remember that our a/b is Lemmermeyer’s d], and then the discriminant

\\ is a polynomial in one variable, which gp does know how to factor:

E_d = E10(d,1);

E_d_sing = factor(E_d.disc)

\\ we find that the discriminant factors as some constant times

\\ d^10 * (d-1)^10 * (2*d-1)^5 * (d^2-3*d+1)^2 * (4*d^2-2*d-1)

\\ but that doesn’t account for the zero of disc(E_d) at infinity,

\\ corresponding to b=0. The multiplicity of this zero can be found

\\ directly as a valuation:

valuation(E.disc,b)

\\ or by subtracting the degree of disc(E_d) from the homogeneous degree

\\ 3*12 = 36 (the factor of 3 is because the coefficients a1,a2,a3,a4,a6

\\ are homogeneous of degree 3*1, 3*2, 3*3, 3*4, 3*6 -- equivalently, the

\\ arithmetic genus of our elliptic surface is 3):

3*12 - poldegree(E_d.disc)

\\ either way we find that the discriminant has a fifth-order zero

\\ at d=infinity (i.e. at b=0).

\\ We claim that the reduction at each of those factors b=0, a=0, a=b, etc.

\\ of disc(E) is multiplicative. (This is a general fact about the universal

\\ eliiptic curve over X_1(n) for n>2; there’s no such curve for n=2

\\ due to quadratic twists.) Except in characteristics 2 and 3,

\\ this amounts to checking that c4 and c6 are relatively prime,

\\ because additive fibers are characterized by the simultaneous

\\ vanishing of c4 and c6:

gcd(E_d.c4,E_d.c6)

\\ and indeed it’s 1. What about the fiber at infinity?

[poldegree(E_d.c4),poldegree(E_d.c6)]

\\ returns [12, 18] = [4*3, 6*3], so neither c4 nor c6 vanishes there either.

\\ This should remain the case mod p for all p>3 not dividing 10;

\\ we can check this by forming a resultant:
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factor(polresultant(E_d.c4,E_d.c6))

\\ which indeed returns 2^60 3^18 5^3. We conclude that our surface has

\\ multiplicative reduction of type I_10 at a=0 and a=b, of type I_5 at

\\ b=0 and 2*a=b, of type I_2 at each of the two roots of a^2-3*a*b+b^2 = 0,

\\ and of type I_1 at each of the two roots of 4*a^2-2*a*b-b^2.

\\ (digression: actually "factor" always returns a matrix with 2 columns,

\\ one for factors and one for exponents; here’s the syntax for

\\ reconstructing the product. First we need to know how many

\\ factors we have:

matsize(E_d_sing)

\\ returns [5,2], indicating 5 rows and 2 columns; in particular,

\\ matsize(E_d_sing)[1] = number of rows = number of factors, so:

D = prod(n=1, matsize(E_d_sing)[1], E_d_sing[n,1] ^ E_d_sing[n,2]);

D / E_d.disc

\\ returns 1, so here the constant factor in the polynomial factorization

\\ is trivial. End of digression.)

\\-------------------------------------------------------------------\\

\\ The canonical height of multiples of P \\

\\-------------------------------------------------------------------\\

\\ Since each multiple mP is either the origin or has polynomial

\\ (not merely rational) homogeneous polynomials as its coordinates,

\\ the naive height of mP is always twice the arithmetic genus, which is 6.

\\ But the canonical height should vanish. gp does not (yet?...) have

\\ built-in caonical heights for elliptic surfaces, so we must compute

\\ them ourselves. Fortunately for a semistable eliiptic surface

\\ (i.e. one all of whose singular fibers are multiplicative)

\\ this is straightforward: for a point Q, the correction at a fiber

\\ of type I_n is m*(m-n)/n, where m in [0,n) is the index of

\\ the component where the corresponding section s_Q meets the fiber.

\\ This index is nonzero iff Q reduces to the singular point, and then

\\ can be computed (up to the involution m <--> n-m, which does not change

\\ the local correction m*(m-n)/n) as the smaller of n/2 and the valuation

\\ of y(Q) - y(-Q).

\\ Recall we’ve already computed E_d_sing, but for the dehomogenized

\\ model; first we construct the correspoding homogeneous factorization,

\\ remembering to incorporate the factor b "at infinity":

num_factors = matsize(E_d_sing)[1] + 1;

E_sing = matrix(num_factors, 2);
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{

for(n=1, num_factors-1,

E_sing[n,1] = b^poldegree(E_d_sing[n,1]) * subst(E_d_sing[n,1], d,a/b);

E_sing[n,2] = E_d_sing[n,2]

);

}

E_sing[num_factors,1] = b;

E_sing[num_factors,2] = 5;

E_sing

\\ let’s check we got this right:

prod(n=1,num_factors, E_sing[n,1] ^ E_sing[n,2]) / E.disc

\\ indeed it comes to 1

\\ the next program "corr" computes, for a point Q on elliptic surface e

\\ the correction to the canonical height associated to a factor f of disc(e)

\\ occurring to multiplicity n. The variables x, y, y_diff, and m are

\\ internal to the program.

{

corr(e,Q,f,n, x,y,y_diff,m) =

x = Q[1];

y = Q[2];

if(valuation((e.a1*x + e.a3 - 2*y) , f) == 0, return(0));

if(valuation((3*x^2+2*e.a2*x + e.a4 - e.a1*y) , f) == 0, return(0));

y_diff = y - ellpow(e,Q,-1)[2];

if(y_diff == 0, return(-poldegree(f)*n/4)); \\ because then m = n/2

m = min(n/2, valuation(Q[2] - ellpow(e,Q,-1)[2], f));

return( poldegree(f) * m * (m-n) / n )

}

\\ we need the factor deg(f) because there are really deg(f) Galois-conjugate

\\ factors; that’s analogous to the factor log(p) in the arithmetic setting

\\ that arises for the height correction at a prime p. Using "poldegree"

\\ without specifying the variable can give unpredictable results, but here

\\ it must work since f is irreducible.

\\ So the following vector should be zero:

vector(9,n, 6 + sum(k=1,num_factors,corr(E,P_mult[n],E_sing[k,1],E_sing[k,2])))

\\ and indeed it is. Check that the same is true for each of the cases

\\ E5, E6, E7, E8, E9 where both homogeneous parameters have the same weight.

\\-------------------------------------------------------------------\\

\\ The universal curve over X_1(7) in characteristic 3 (and 5) \\

\\-------------------------------------------------------------------\\

\\ To get examples of nonzero canonical height we need elliptic surfaces
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\\ of positive rank. Computing the rank, let alone the Mordell-Weil group,

\\ of an elliptic surface over C is still an intractable problem in general.

\\ Over a finite field there’s still no general algorithm known but we have

\\ some additional tools, as we’ll illustrate with the reduction mod 3 of

\\ the universal ellipic curve over X_1(7). It’s known, but probably

\\ not surprising, that in characteristic zero the universal curve

\\ over X_1(N) has no points outside its tautological torsion group Z/NZ,

\\ but remarkably this can fail in positive characteristic!

\\ N=7 is the first case where this universal curve is not rational

\\ *as a surface*; instead it is a K3 elliptic surface (arithmetic genus 2).

\\ We describe its singular fibers as we did for X_1(10):

E = E7(a,b);

E_d = E7(d,1);

E_d_sing = factor(E_d.disc)

\\ This time the factors are d^7 * (d-1)^7 * (d^3+5*d^2-8*d+1),

\\ and for the factor at infinity:

valuation(E.disc,b)

2*12 - poldegree(E_d.disc)

\\ giving 7 either way.

gcd(E_d.c4,E_d.c6) \\ 1

[poldegree(E_d.c4),poldegree(E_d.c6)] \\ = [8,12] = 2*[4,6]

\\ so again multiplicative reduction everywhere: I_7 at d=0,1,infinity

\\ and I_1 at the conjugate roots of d^3+5*d^2-8*d+1.

factor(polresultant(E_d.c4,E_d.c6))

\\ = 2^24 3^12 7, and it turns out that 2 and 3 are OK too.

\\ Check as before that all nonzero multiples of P have canonical height 0:

num_factors = matsize(E_d_sing)[1] + 1;

E_sing = matrix(num_factors, 2);

{

for(n=1, num_factors-1,

E_sing[n,1] = b^poldegree(E_d_sing[n,1]) * subst(E_d_sing[n,1], d,a/b);

E_sing[n,2] = E_d_sing[n,2]

);

}

E_sing[num_factors,1] = b;

E_sing[num_factors,2] = 7;

E_sing

\\ let’s check we got this right:

prod(n=1,num_factors, E_sing[n,1] ^ E_sing[n,2]) / E.disc

\\ It comes to -1, which is still a constant.

P = [0,0]

P_mult = vector(7,n,ellpow(E,P,n))
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vector(6,n, 4 + sum(k=1,num_factors,corr(E,P_mult[n],E_sing[k,1],E_sing[k,2])))

\\ The I_7 fibers contribute 3*6=18 to the Picard number,

\\ and together with the contribution of the fiber and zero-section

\\ we get a total of 6*3 + 2 = 20, so in characteristic zero the

\\ Mordell-Weil rank is zero as expected and we have an "extremal"

\\ elliptic K3 (maximal Picard number, zero rank) of Neron-Severi

\\ discriminant -7^3 / |T|^2 = 7.

\\ This should be reflected in the point-counts modulo a prime p

\\ other than 7. Each of the I_7 fibers contributes 7p (since the

\\ fiber components are rational -- that’s automatic here because

\\ the components are separated by multiples of P); I_1 fibers need

\\ no special treatment because such a fiber’s singular point is already

\\ smooth as a point on the surface in (x,y,d) space; so we just try all

\\ (x,d) values other than d=0,1,infty, remembering to include

\\ the point at infinity. The following works for odd p; we leave

\\ as an exercise (i.e. don’t have the patience for) checking the

\\ special case p=2.

cubic(E,x) = poldisc(y^2 + E.a1*x*y + E.a3*y - (x^3 + E.a2*x^2), y);

{

N7(p) = 21*p + sum(n=2,p-1, p+1+sum(x=0,p-1,

kronecker(subst(cubic(E_d,x),d,n),p)

)

)

}

\\ When (p/7) = -1, the count is exactly p^2 + 20 p + 1

\\ (i.e. the trace of Frobenius on H^2 is 20p, same as the trace on NS;

\\ equivalently, the trace on the transcendental part of H^2 is zero),

\\ so the following run always prints [p,0]:

forprime(p=3,113,if(kronecker(p,7)==-1,print([p,N7(p)-(p^2+20*p+1)])))

\\ if (p/7) = +1, the number of points is between p^2 + 18 p + 1 and

\\ p^2 + 22 p + 1. The next run shows, for each such prime up to 113,

\\ how the point-count splits the interval of length 4p between

\\ those two bounds:

{

forprime(p=3,113, if(kronecker(p,7) == +1,

n = N7(p);

print([p, n-(p^2+18*p+1), p^2+22*p+1-n])

))

}

\\ What do you observe?

8



\\ Since the transcendental lattice is only 2-dimensional,

\\ a single point count suffices to determine the L-function.

\\ (In general we’d also have to count over the fields of

\\ p^2, p^3, ..., p^e elements where e is roughly half the

\\ transcendental dimension.) In particular, when (p/7) = -1,

\\ the L-function has a 21st zero at s=1 over F_p, and a 22nd

\\ over F_{p^2}. So we expect two independent sections,

\\ one defined over F_p and the other only over F_{p^2}.

\\ More precisely, the BSD / Artin-Tate conjecture, which is

\\ a theorem in this setting of an elliptic K3 surface over F_q(t),

\\ indicates that over F_p(t) the M-W group is generated by [0,0] and

\\ a section P1 of canonical height 2p/7, while over F_{p^2}(t) the

\\ regulator is p^2/7. This, together with the existence of a

\\ Galois involution and the fact that the canonical height of any

\\ section is in (2/7)Z, implies that there’s a section P2 of height 2p

\\ taken to -P2 by the Galois involution, with Q=(P1+P2)/2 and

\\ Q’=(P1-P2)/2 rational of height 4p/7 and switched with each other by

\\ the Galois involution.

\\ In general the canonical height measures not just the complexity of

\\ a section but also the difficulty of finding it, in much the same way

\\ as in the more familiar setting of elliptic curves over Q. We next

\\ find these sections for p=3, the smallest prime "nonresidue" mod 7,

\\ and thus the one for which those canonical heights are smallest.

\\ as it happens, -1 is a nonsquare mod 3 as well, which means that

\\ we can work with F_9 as F_3[I] where I is [sic] gp’s notation for a

\\ square root of -1; in general we could use F_p[w] where w is a

\\ quadratic irrationality (try "?quadgen"). It *is* possible to find

\\ the sections Q and Q’ for larger primes p such that (p/7) = -1

\\ in time polynomial in p, via the connection between our K3 surface

\\ and the square of a CM elliptic curve of discriminant -7; but

\\ that’s a rather more complicated and extensive computation

\\ which is well beyond the scope of the present notes!

\\ For p=3 we have 2p/7 = 6/7. There are three ways for a section of E7

\\ to have this canonical height: it could be integral (i.e. with x,y

\\ homogeneous polynomials of degrees 4,6 in (a:b), or equivalently

\\ polynomials of degrees at most 4,6 in d), and with height corrections

\\ (here and later multiplied by -1 to forestall a deluge of minus signs)

\\ 0 + 10/7 + 12/7 or 6/7 + 6/7 + 10/7 adding up to 22/7 = 4 - 6/7

\\ [NB the numerators 0, 6, 10, 12 are 0*7, 1*6, 2*5, 3*4]; or there could be

\\ a pole (i.e. the denominators of x and y are the square and cube of

\\ the same linear polynomial), so the naive height is 6, and at each of

\\ the three I_7 fibers the height correction is the maximal 12/7,

\\ adding to 36/7 = 6 - 6/7.
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\\ Now given an elliptic K3 surface E, a point of naive height h=4,6,8,10,...

\\ is specified by (3h/2)-1 = 5,8,11,... parameters: the h+1 coefficients

\\ of the numerator of x, and the (h/2)-2 non-leading coefficients of

\\ monic polynomial of whose square and cube are the demoniators of x and y.

\\ For such x to work, a polynomial of degree 3h occurring in the numerator

\\ of (2y + a1 x + a3)^2 must be a square, which is 3h/2 conditions;

\\ this suggests that the condition that such x exist is a union of

\\ hypersurfaces in the moduli space of K3 surface, which over C is confirmed

\\ by the Torelli theorem for K3’s. But finding such a section when it exists

\\ is still a challenge, and even five variables is a lot if we want to

\\ solve a system of nonlinear equations. When the height is reduced by

\\ a correction m(n-m)/n, it’s also easier to find the point, because

\\ the condition that the section (x,y) go through the m-th or (n-m)th

\\ component of an I_n fiber above d = d_0 anmounts to min(m,n-m)

\\ *linear* conditions on the coefficients of x, namely a choice of

\\ the first min(m,n-m) coefficients in the Taylor expansion of x about d_0.

\\ (This description is true for a general multiplicative fiber, not just

\\ in the K3 setting). For example, the first of these coefficients must be

\\ the x-coordinate of the singular point of the Weierstrass equation, because

\\ all the non-identity components map to that singularity. The later

\\ coefficients are determined by the condition that (2y + a1 x + a3)^2

\\ vanish to order at least 2, 4, 6, ..., 2*min(m,n-m) at d=d_0.

\\ We illustrate this for our surface E7. Remember that cubic(x) computes

\\ (2y + a1 x + a3)^2. Setting d=0:

subst(cubic(E_d,x),d,0)

\\ yields 4*x^3 + x^2, so clearly the singularity is at x=0. To find

\\ the next term, start from cubic7(x1*d), which automatically has

\\ a factor of d^2, and divide by that:

subst(cubic(E_d,x1*d)/d^2,d,0)

\\ to get x1^2. So, the next condition is that x is 0 mod d^2. Thus,

\\ the third condition:

subst(cubic(E_d,x2*d^2)/d^4,d,0)

\\ gives x2^2 so (x,y) is on component 3 or 4 at d=0 iff x = O(d^3).

\\ [This is basically retracing Tate’s algorithm for our surface;

\\ the simplicity of the answer illustrates our earlier remarks on

\\ extended vs. narrow Weierstrass form.] Likewise at d=1:

subst(cubic(E_d,x),d,1)
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subst(cubic(E_d,x1*(d-1))/(d-1)^2,d,1)

\\ the first step proceeded as before, but the second gives

\\ x1^2 + 2*x1 + 1 = (x1+1)^2, so:

subst(cubic(E_d,x2*(d-1)^2 - (d-1)) / (d-1)^4, d, 1)

\\ and this gives x2^2 + 4*x2 + 4 = (x2+2)^2.

\\ For d=infinity, we look at leading coefficients:

pollead(cubic(E_d,x4*d^4),d)

\\ is 4*x4^3 + x4^2, with a double root at x4=0, so the singularity is

\\ at x4=0; thus projectively x vanishes (as a homogeneous function of

\\ degree 4 in (a:b)) at d=infinity (i.e. at b=0).

pollead(cubic(E_d,x3*d^3),d)

\\ is x3^2, so the next step is x=O(d^2), with a double zero at b=0; and then

pollead(cubic(E_d,x2*d^2),d)

\\ gives (x2+1)^2, so components 3 and 4 have x = -d^2 + O(d) at infinity.

\\ Thus: if we want to get height 6/7 with corrections 0/7, 10/7, and 12/7

\\ we can put the 0/7 at infinity (there’s an automorphism that cyclically

\\ permutes the cusps and thus the I_7 fibers), and the 10/7 and 12/7

\\ are at d=0 and d=1 in some order. We put the 12/7 at d=0, because the

\\ other choice gives the 7-torsion point with x = d^2-d^3 that we know

\\ already. So, we want x to be a quartic in d congruent to 0 mod d^3

\\ and to (d-1) modulo (d-1)^2. This is easy enough to calculate by hand,

\\ but gp’s "chinese" program does it automatically:

lift(chinese(Mod(0,d^3), Mod(-(d-1), (d-1)^2)))

\\ we get -d^4 + d^3, and then

factor(cubic(E_d, -d^4 + d^3))

\\ reveals a constant multiple of d^6 (d-1)^4 (3*d^2-4); so indeed

\\ this works in characteristic 3, and the constant is -1 so we

\\ we actually get a point over Z/3Z, not just the 9-element field.

\\ Solving for y we find that one solution is -(d-1)^2 d^4:

P1_d = [-d^4+d^3, -(d-1)^2*d^4];

11



\\ or in homogeneous form:

P1 = subst(P1_d,d,a/b);

P1 = Mod(1,3) * [P1[1]*b^4, P1[2]*b^6]

ellisoncurve(E,P1)

\\ The other choices for getting 6/7 come from translates by

\\ multiples of the 7-torsion point [0,0]:

P1_trans = vector(7,n,elladd(E,P1,ellpow(E,P,n)));

\\ It will be seen that translate by 5P is the one non-integral section

\\ of these 7. Check that all these have the same height 6/7:

H_naive(P) = poldegree(subst(numerator(P[1]),a,d*b),b)

H(P) = H_naive(P) + sum(k=1,num_factors,corr(E,P,E_sing[k,1],E_sing[k,2]))

vector(7,n, H(P1_trans[n]))

\\ [For p=5 we can find the section P1 similarly. Here we can get 10/7 as

\\ 4 - (0 + 6/7 + 12/7), so this time we make x a multiple of d^3 (to get

\\ the 12/7 at d=0) and require that the d^4 coefficient of x vanish

\\ to get the 6/7 correction from the reducible fiber at d=infinity.

yy = cubic(E_d, x1*d^3) / d^6

\\ that’s a quartic in d that we want to make square; what’s the square root?

yy2 = truncate(sqrt(yy+O(d^3)))

yydiff = (yy2^2 - yy) / d^3

yydiff1 = yydiff / content(yydiff)

\\ the "content" was 4*x1^5 / (x1+1)^6, and x1 cannot vanish because then

\\ we’re back to a 7-torsion point. This gives us the linear polynomial

\\ (2*x1^3+3*x1^2+3*x1+1)*d - (x1^4+2*x1^3+2*x1^2+2*x1+1) in d, and we want

\\ to choose x1 to make that polynomial vanish identically. This is not

\\ possible in characteristic zero, because these coefficients have

\\ no common root; but:

polresultant(polcoeff(yydiff1,1,d), polcoeff(yydiff1,0,d), x1)

\\ returns -5, so modulo 5 (and no other prime) we get the desired section

\\ by making x1 a common root:

12



gcd(Mod(1,5)*polcoeff(yydiff1,1,d), Mod(1,5)*polcoeff(yydiff1,0,d))

\\ gives x1+3 so we must take x1=2. This gives:

P1_5_d = [2*d^3, -d^4-2*d^3];

P1_5 = subst(P1_5_d,d,a/b)

P1_5 = Mod(1,5) * [P1_5[1]*b^4, P1_5[2]*b^6]

\\ but back to p=3.]

\\ There are three routes to 12/7: either naive height 4 and corrections

\\ 0, 6/7, 10/7, or naive height 6 and corrections 6/7, 12/7, 12/7 or

\\ 10/7, 10/7, 10/7. We choose the last of these, which leaves only

\\ two undetermined coefficients in x. Thus x = sextic(d) / (d-d0)^2

\\ for some d0 other than 0, 1, and infinity, with x = O(d^2) at d=0,

\\ x = -(d-1) + O(d-1)^2 at d=1, and x = O(d^2) at d=infinity.

\\ Thus x = (c*d - (c+(d0-1)^2)) * (d-1) * d^2 / (d-d0)^2)

\\ for some c and d0, and after eliminating square factors

\\ we find a sextic in d that must be a square:

{

yy = subst(cubic(E_d,X), X, (c*d - (c+(d0-1)^2)) * (d-1) * d^2 / (d-d0)^2)

* (d-d0)^6 / (d^4 * (d-1)^4);

}

\\ I’m not sure why this circumlocution is necessary instead of just

\\ yy = cubic(E_d, (c*d - (c+(d0-1)^2)) * (d-1) * d^2 / (d-d0)^2) etc. ...

yy2 = truncate(sqrt(yy+O(d^4)));

yydiff = (yy2^2 - yy) / d^4;

yydiff1 = yydiff / content(yydiff);

\\ there’s still a common factor that "content" doesn’t pick up but

\\ "gcd" does:

yydiff1 /= (c + (d0-1)^2) * d0

\\ We now have three simultaneous nonlinear equations (the vanishing of

\\ the coefficients of 1, d, and d^2 in yydiff) to solve for the

\\ two variables c, d0. We solve the first two of these, using

\\ a resultant to eliminate c, then check whether each of the solutions

\\ is feasible for the third equation:

R = polresultant(polcoeff(yydiff1,1,d), polcoeff(yydiff1,0,d), c)

centerlift(factormod(R,3))

\\ we find that there are spurious roots d0=0 and d0=1 of multiplicity

\\ 32 and 2 (they must be spurious beause x must have zeros there,

\\ not poles); a double root at d0 = -1; and two further irreducible

\\ sextic factors d0^6-d0^5-d0^4+d0^2+d0+1, d0^6-d0^5-d0^4-d0^3+d0^2+d0-1

13



\\ that cannot be right because we know our solution will be defined

\\ over the 9-element field. So we set d0=1 and solve for c:

yydiff1 = subst(yydiff1, d0, Mod(-1,3));

yydiff1 /= content(yydiff1)

\\ for some reason gp recognizes the common denominator of c+1

\\ but not the common factor of the numerator; so we ask for it directly:

gcd(gcd(polcoeff(yydiff1,0,d),polcoeff(yydiff1,1,d)),polcoeff(yydiff1,2,d))

\\ and we find a common factor -c^2-c+1, i.e. c=1+I or c=1-I.

Q1 = Mod(1,3) * [I*a^2*b^2 + (-1+I)*a*b^3, -a^2*b^4]

Q2 = conj(Q1)

\\ The same technique works for p=5 to find the section of height 2p/7

\\-------------------------------------------------------------------\\

\\ An example of rank 4 with a 4-torsion point over Q \\

\\-------------------------------------------------------------------\\
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KiUan Kedla\a'V ZoUkVheeW ­­ InWUodXcWion Wo
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AMS ShoUW CoXUVe: CompXWing ZiWh EllipWic CXUYeV XVing Sage

JanXaU\ 2­3, 2012

LecWXUe 1: InWUodXcWion Wo P\Whon and Sage

KiUan S. Kedla\a (MIT/UC San Diego)

TKLV OHFWXUH LV DQ LQWURGXFWLRQ WR XVLQJ WKH FRPSXWHU DOJHEUD V\VWHP SDJH. IQ WKH SURFHVV, ZH ZLOO DOVR
LQWURGXFH WKH P\WKRQ SURJUDPPLQJ ODQJXDJH, RQ ZKLFK SDJH LV EXLOW; KRZHYHU, ZH'OO NHHS WKH
SURJUDPPLQJ GLVFXVVLRQ WR D PLQLPXP EHFDXVH LW LV HDV\ WR ILQG P\WKRQ WXWRULDOV DQG RWKHU GRFXPHQWDWLRQ
RQOLQH. (FRU H[DPSOH, WU\ WKH BHJLQQHU'V GXLGH WR P\WKRQ.)

AOO RI WKH OHFWXUHV LQ WKLV PLQLFRXUVH DUH PHDQW WR EH LQWHUDFWLYH, VR \RX DUH VWURQJO\ HQFRXUDJHG WR IROORZ
DORQJ RQ \RXU RZQ FRPSXWHU DV ZH JR DORQJ. TR PDNH WKLV SRVVLEOH, ZH EHJLQ E\ H[SODLQLQJ KRZ WR UXQ
SDJH RQ \RXU RZQ FRPSXWHU. TKHUH DUH WZR QDWXUDO ZD\V WR GR WKLV.

SLQFH SDJH LV IUHH IRU HYHU\RQH, \RX PD\ LQVWDOO SDJH RQ \RXU RZQ FRPSXWHU DQG UXQ LW ORFDOO\ XVLQJ
WKH FRPPDQG OLQH. GR WR KWWS://ZZZ.VDJHPDWK.RUJ DQG IROORZ WKH OLQNV WR GRZQORDG DQG LQVWDOO
SDJH. (WDUQLQJ: WKLV LV D ELW WULFN\ LI \RX UXQ WLQGRZV. AVN RQH RI XV IRU KHOS LI \RX JHW VWXFN.)
BHVLGHV WKH FRPPDQG OLQH, SDJH DOVR RIIHUV D JUDSKLFDO LQWHUIDFH, WKH Sage Notebook, LQ ZKLFK \RX
XVH \RXU ZHE EURZVHU DV D FOLHQW WR DFFHVV D SDJH VHUYHU RQ VRPH SRVVLEO\ GLIIHUHQW PDFKLQH. FRU
H[DPSOH, ULJKW QRZ, I DP UXQQLQJ SDJH RQ P\ ORFDO FRPSXWHU DV D VHUYHU, DQG XVLQJ WKLV EURZVHU WR
FRQQHFW WR WKDW VHUYHU LQ RUGHU WR GLVSOD\ WKLV SUHVHQWDWLRQ. HRZHYHU, WKHUH DOVR H[LVWV D SXEOLF
QRWHERRN VHUYHU RQ ZKLFK an\one FDQ FUHDWH DQ DFFRXQW DQG UXQ SDJH! TKLV LV E\ IDU WKH HDVLHVW ZD\
WR WU\ RXW SDJH ULJKW QRZ. TR GR VR, SRLQW \RXU EURZVHU WR KWWS://ZZZ.VDJHQE.RUJ.

TR VLPSOLI\ WKH H[SRVLWLRQ, I'P PRVWO\ JRLQJ WR VWLFN WR H[SODLQLQJ WKH QRWHERRN LQWHUIDFH. WH ZLOO FRPH
EDFN WR WKH FRPPDQG OLQH ODWHU.

GeWWing VWaUWed ZiWh Whe noWebook

II \RX KDYH VXFFHVVIXOO\ VWDUWHG D QRWHERRN VHVVLRQ, \RX VKRXOG VHH VRPHWKLQJ WKDW ORRNV PXFK OLNH WKLV
ZLQGRZ, H[FHSW WKDW LQVWHDG RI DOO RI WKLV WH[W, \RX VKRXOG MXVW VHH DQ HPSW\ ER[ OLNH WKH RQH EHORZ.



 

       

TKLV ER[ LV FDOOHG D cell, DQG FDQ EH XVHG WR HYDOXDWH DQ\ SDJH FRPPDQG. FRU H[DPSOH, WU\ FOLFNLQJ RQ WKH
FHOO, W\SLQJ 2+2, DQG FOLFNLQJ "HYDOXDWH". (A VKRUWFXW IRU "HYDOXDWH" LV SKLIW+EQWHU.)

2+2 

        4

NRWH WKDW WKH DQVZHU DSSHDUV LPPHGLDWHO\ EHORZ, DQG WKHQ D QHZ FHOO LV JHQHUDWHG VR WKDW \RX FDQ W\SH
DQRWKHU FRPPDQG. YRX FDQ DOVR JR EDFN DQG HGLW WKH SUHYLRXV FHOO, EXW WKH DQVZHU ZRQ'W FKDQJH XQWLO \RX
HYDOXDWH DJDLQ. YRX FDQ HYHQ LQVHUW QHZ FHOOV EHWZHHQ H[LVWLQJ FHOOV: LI \RX FOLFN RQ WKH EOXH EDU WKDW
VKRZV XS ZKHQ \RX PRXVH EHWZHHQ WZR H[LVWLQJ FHOOV, D QHZ FHOO ZLOO SRS XS LQ EHWZHHQ.

II \RX SKLIW­FOLFN LQVWHDG, \RX JHW D WH[W ER[ OLNH WKLV, ZKLFK VXSSRUWV VRPH IRUPDWWLQJ DQG HYHQ EDVLF THX
FRPPDQGV. TKLV LV RQH ZD\ WR DGG DQQRWDWLRQV WR D QRWHERRN; D PRUH GLUHFW RQH LV VLPSO\ WR LQVHUW
FRPPHQWV LQ FHOOV WKHPVHOYHV. TKH # FKDUDFWHU GHQRWHV D FRPPHQW, DQG IRUFHV HYHU\WKLQJ WR WKH HQG RI WKH
OLQH WR EH LJQRUHG.

2+2 # VKRXOG HTXDO 4 

        4

BHVLGHV LQGLYLGXDO FDOFXODWRU­VW\OH H[SUHVVLRQV, D FHOO FDQ FRQWDLQ D VHTXHQFH RI LQVWUXFWLRQV; KLW EQWHU WR
VHSDUDWH LQVWUXFWLRQV. (TKLV LV ZK\ SKLIW­EQWHU LV WKH VKRUWFXW IRU HYDOXDWLRQ, QRW EQWHU.) TKH ODVW H[SUHVVLRQ
LV HYDOXDWHG DQG SULQWHG; \RX FDQ DOVR DGG "SULQW" FRPPDQGV WR IRUFH DGGLWLRQDO SULQWLQJ.

[ = 5
\ = 7
SULQW [+\
[*\ 

        1235

EDFK FHOO HYDOXDWLRQ UHPHPEHUV DQ\ GHILQLWLRQV IURP FHOOV WKDW ZHUH HYDOXDWHG SUHYLRXVO\, LQFOXGLQJ
YDULDEOHV DQG IXQFWLRQV (PRUH RQ ZKLFK ODWHU).

[+\ 

        12

WDUQLQJ: SDJH ZLOO OHW \RX HYDOXDWH FHOOV RXW RI RUGHU. IW LV WKH RUGHU RI HYDOXDWLRQ WKDW FRXQWV, QRW WKH RUGHU
RI DSSHDUDQFH LQ WKH ZRUNVKHHW.

II \RX WU\ WR HYDOXDWH D FHOO ZKLFK FRQWDLQV D PLVWDNH, VXFK DV WU\LQJ WR XVH D YDULDEOH ZKLFK LV QRW \HW
GHILQHG, SDJH ZLOO JLYH \RX D (KRSHIXOO\) XVHIXO HUURU PHVVDJH. YRX FDQ FOLFN RQ WKH RXWSXW WR VHH D PRUH



YHUERVH HUURU PHVVDJH, ZKLFK PD\ KHOS \RX LVRODWH WKH SUREOHP LI LW RFFXUV LQ D ODUJH FHOO.

] 

       
TUDFHEDFN (FOLFN WR WKH OHIW RI WKLV EORFN IRU WUDFHEDFN)
...
NDPHEUURU: QDPH ']' LV QRW GHILQHG

BaVic P\Whon/Sage objecWV

LHW'V JHW IDPLOLDU ZLWK VRPH EDVLF W\SHV RI P\WKRQ/SDJH REMHFWV. TKHVH ZLOO DOO EH WKLQJV WKDW FDQ EH
DVVLJQHG WR YDULDEOHV, ZKLFK ZH KDYH DOUHDG\ VHHQ KRZ WR GR LQ WKH FDVH RI LQWHJHUV.

[ = 2+2
SULQW [ 

        4

NRWH WKDW YDULDEOHV GR QRW QHHG WR EH GHFODUHG EHIRUH EHLQJ XVHG; LQ SDUWLFXODU, WKHUH LV QR QHHG WR VSHFLI\
LQ DGYDQFH ZKDW W\SH RI REMHFW LV JRLQJ WR EH DVVLJQHG WR D JLYHQ YDULDEOH.

SR IDU RXU YDULDEOH QDPHV KDYH RQO\ EHHQ RQH FKDUDFWHU ORQJ. HRZHYHU, WKLV LV QRW UHTXLUHG: \RX PD\ XVH
DQ\ VHTXHQFH RI OHWWHUV, QXPEHUV, DQG WKH XQGHUVFRUH _ DV D YDULDEOH QDPH DV ORQJ DV LW VWDUWV ZLWK D OHWWHU
DQG GRHV QRW FRLQFLGH ZLWK D P\WKRQ UHVHUYHG ZRRG (VXFK DV "SULQW"). CRQVLGHUHG FKRLFH RI YDULDEOH QDPHV
PD\ PDNH \RXU FRGH HDVLHU IRU D KXPDQ WR XQGHUVWDQG.

VTXDUH_URRW_RI_2 = VTUW(2)
SULQW VTXDUH_URRW_RI_2^4 

        4

BHVLGHV LQWHJHUV, VRPH RWKHU EDVLF W\SHV RI REMHFWV LQFOXGH UDWLRQDO QXPEHUV, UHDO QXPEHUV, DQG FRPSOH[
QXPEHUV (ZKHUH FDSLWDO I GHQRWHV WKH FKRVHQ VTXDUH URRW RI ­1). TKHVH VXSSRUW WKH XVXDO DULWKPHWLF
RSHUDWLRQV.

SULQW 7 % 3 ## PRGXODU UHGXFWLRQ
SULQW 7 // 3 ## LQWHJHU GLYLVLRQ
SULQW 10/6 ## UHWXUQV D UDWLRQDO QXPEHU
SULQW H[S(2.7)
SULQW (2+I)*(3+I) 

       

AQRWKHU EDVLF REMHFW W\SH LV VWULQJV, ZKLFK DUH HQFORVHG LQ HLWKHU VLQJOH RU GRXEOH TXRWHV (WKHUH LV D VXEWOH
GLVWLQFWLRQ ZKLFK LV QRW UHOHYDQW KHUH). OQH FRPPRQ RSHUDWLRQ RQ VWULQJV LV FRQFDWHQDWLRQ.

'3' + '4' 

       



AUUa\V

BHVLGHV VLPSOH W\SHV OLNH QXPEHUV DQG VWULQJV, RQH DOVR KDV FRPSRXQG W\SHV OLNH DUUD\V. AUUD\V FDQ EH
VSHFLILHG XVLQJ VTXDUH EUDFNHWV (WKH HQWULHV QHHG QRW EH DOO RI RQH W\SH).

SULQW [3, 4] + [5, 'VL['] ## SOXV VLJQ GHQRWHV FRPSRVLWLRQ 

       

OQH DOVR XVHV VTXDUH EUDFNHWV WR DFFHVV WKH LQGLYLGXDO HQWULHV RI DQ DUUD\, RU HYHQ WR DVVLJQ WKHP. TZR
LPSRUWDQW WKLQJV WR QRWH:

P\WKRQ LQGH[HV VWDUWLQJ IURP 0, QRW 1.
YRX PD\ DOVR XVH QHJDWLYH LQGLFHV: ­Q GHQRWHV WKH Q­WK WHUP IURP WKH HQG.

X = [2, 3, 4]
SULQW X[0] ## ILUVW HOHPHQW
SULQW X[­1] ## ODVW HOHPHQW
X[1] = 1 ## PRGLI\ DQ H[LVWLQJ HQWU\
SULQW X[­2] ## VKRXOG HTXDO X[1]
X[3] = 5 ## WKLV ZRQ'W ZRUN 

       
[2, 3]
[0, 1, 2, 3, 4]
[3, 5, 7, 9, 11]

SRPH RWKHU ZD\V WR FRQVWUXFW DUUD\V DUH WKH IROORZLQJ.

OQH FDQ FRQFDWHQDWH H[LVWLQJ DUUD\V XVLQJ WKH + RSHUDWRU (VHH DERYH).
OQH FDQ PRGLI\ LQ SODFH HQWULHV RI DQ H[LVWLQJ DUUD\ (VHH DERYH).
OQH FDQ IRUP slices RI DQ H[LVWLQJ DUUD\ E\ SLFNLQJ RXW D UDQJH RI YDOXHV. TKLV LV WKH VDIHVW ZD\ WR
PDNH D FRS\ RI DQ DUUD\ (VHH EHORZ).
SRPH IXQFWLRQV UHWXUQ DUUD\V, VXFK DV WKH "UDQJH" IXQFWLRQ.
OQH FDQ XVH list comprehensions WR DSSO\ D IXQFWLRQ WR HDFK WHUP RI RQH DUUD\ WR PDNH D QHZ DUUD\.
TKHUH LV DOVR WKH RSWLRQ WR SXW LQ D FRQGLWLRQDO VWDWHPHQW WR SLFN RXW RQO\ VRPH RI WKH WHUPV RI WKH
RULJLQDO DUUD\ (XVLQJ == IRU HTXDOLW\, UDWKHU WKDQ = ZKLFK PHDQV DVVLJQPHQW). TKLV LV D ORW OLNH KRZ
PDWKHPDWLFLDQV PDNH VHWV!

X = [2,3,4,5]
SULQW X[1:3] ## OHIW LQGH[ LV LQFOXGHG, ULJKW LQGH[ LV QRW
SULQW X[:4] ## OHIW LQGH[ GHIDXOWV WR 0
SULQW X[1:] ## ULJKW LQGH[ GHIDXOWV WR WKH OHQJWK RI WKH DUUD\
SULQW UDQJH(5) ## UDQJH(Q) LQFOXGHV 0, H[FOXGHV Q
SULQW UDQJH(3,13) ## VSHFLI\ OHIW DQG ULJKW HQGSRLQWV DV IRU 
VOLFHV
SULQW [[^2 IRU [ LQ X LI [%2==1] 



       

[3, 4]
[2, 3, 4, 5]
[3, 4, 5]
[0, 1, 2, 3, 4]
[3, 4, 5, 6, 7, 8, 9, 10, 11, 12]
[9, 25]

WDUQLQJ: DUUD\V DUH FRSLHG E\ UHIHUHQFH, QRW E\ YDOXH. TKLV LV LQ IDFW WUXH IRU DOO P\WKRQ/SDJH REMHFWV, EXW
WKH IDFW WKDW DUUD\V FDQ EH PRGLILHG DIWHU WKH\ DUH FUHDWHG (WKDW LV, WKH\ DUH mutable) FUHDWHV D UHDO GDQJHU.

D = [1,2,3]
E = D ## GRHV QRW FUHDWH D QHZ DUUD\!
E[1] = ­1
SULQW "D = ", D ## KDV QRZ EHHQ PRGLILHG
F = D[:] ## WKLV GRHV FUHDWH D QHZ DUUD\
F[­1] = 4
SULQW "D = ", D
SULQW "F = ", F 

       

CondiWional eYalXaWion

LLNH PRVW SURJUDPPLQJ ODQJXDJHV, P\WKRQ VXSSRUWV FRQGLWLRQDO HYDOXDWLRQ YLD VXFK PHFKDQLVPV DV IRU
ORRSV, ZKLOH ORRSV, DQG LI­WKHQ­HOVH FRQVWUXFWLRQV. HHUH LV DQ H[DPSOH.

IRU L LQ UDQJH(5):
    LI L%2 == 0:
        SULQW L, "LV DQ HYHQ",
    HOVH:
        SULQW L, "LV DQ RGG",
    SULQW "QXPEHU"
SULQW "ORRS FRPSOHWH" 

       

LHW'V VWHS WKURXJK WKLV H[DPSOH LQ GHWDLO.

TKH ILUVW OLQH FUHDWHV WKH IRU ORRS. TKH UDQJH LV FUHDWHG XVLQJ WKH "UDQJH" IXQFWLRQ GHVFULEHG DERYH.
EYHU\WKLQJ ZLWKLQ WKH IRU ORRS LV LQGHQWHG. TKLV LV QRW RSWLRQDO! P\WKRQ XVHV WKLV LQGHQWDWLRQ WR ILJXUH
RXW ZKHUH WKH ORRS VWDUWV DQG HQGV. TKH QRWHERRN ZLOO KHOS \RX: DIWHU \RX W\SH WKH "IRU" OLQH (HQGLQJ
ZLWK WKH FRORQ), WKH QH[W OLQH ZLOO EH LQGHQWHG DSSURSULDWHO\.
TKH "LI" FRPPDQG WDNHV D BRROHDQ H[SUHVVLRQ. AV ZH VDZ EHIRUH,  == GHQRWHV HTXDOLW\, DV RSSRVHG
WR D VLQJOH = ZKLFK GHQRWHV DQ DVVLJQPHQW.
TKH "HOVH" FRPPDQG LV RSWLRQDO. AJDLQ, WKH LQGHQWDWLRQ WHOOV P\WKRQ ZKHUH WKH LI DQG HOVH FODXVHV
EHJLQ DQG HQG.
TKH "SULQW" FRPPDQG FDQ WDNH PXOWLSOH DUJXPHQWV, DQG DGGV D OLQH EUHDN XQOHVV \RX HQG LW ZLWK D



FRPPD.

HHUH LV DQRWKHU H[DPSOH, WKLV WLPH RI D ZKLOH ORRS. NRWH WKH HIIHFW RI WKH "FRQWLQXH" DQG "EUHDN"
VWDWHPHQWV.

W = 4
ZKLOH W < 10:
    W += 1 ## KDV WKH VDPH HIIHFW DV W = W + 1
    LI W%2 == 0:
        FRQWLQXH ## MXPS WR WKH QH[W LWHUDWLRQ RI WKH ORRS
    SULQW W
    LI W > 8:
        EUHDN ## MXPS RXW RI WKH ORRS 

       
5
7
9

FXncWionV

B\ QRZ, \RX KDYH SUREDEO\ QRWLFHG WKDW PXFK P\WKRQ IXQFWLRQDOLW\ LV SURYLGHG YLD FDOODEOH IXQFWLRQV, VXFK
DV "UDQJH". SDJH H[WHQGV WKLV IXQFWLRQDOLW\ E\ VSHFLI\LQJ PDQ\ QHZ DGYDQFHG PDWKHPDWLFDO IXQFWLRQV.

SULPH_SL(1000) ## TKH QXPEHU RI SULPHV XS WR 1000 

        168

SDJH LQFOXGHV D FRXSOH RI KDQG\ WHFKQLTXHV IRU LQTXLULQJ DERXW IXQFWLRQV. OQH RI WKHVH LV tab completion:
LI \RX W\SH SDUW RI WKH QDPH RI D IXQFWLRQ DQG KLW TDE, SDJH ZLOO DWWHPSW WR FRPSOHWH WKH QDPH RI WKH
IXQFWLRQ. OQ RQH KDQG, WKLV FDQ VDYH D ORW RI W\SLQJ.

FKDUDF 

       

PHUKDSV PRUH XVHIXOO\, LI PRUH WKDQ RQH FRPSOHWLRQ LV SRVVLEOH, SDJH ZLOO VKRZ \RX DOO SRVVLEOH
FRPSOHWLRQV; WKLV FDQ EH D XVHIXO ZD\ WR ILQG RXW DERXW ZKDW LV DYDLODEOH LQ SDJH. (TKLV WHFKQLTXH LV HYHQ
PRUH SRVVLEOH ZKHQ DSSOLHG WR REMHFW PHWKRGV; VHH EHORZ.)

UDQ 

       

AQRWKHU LPSRUWDQW LQTXLU\ WHFKQLTXH LV introspection: LI RQH HYDOXDWHV WKH QDPH RI D IXQFWLRQ IROORZHG E\ D
?, P\WKRQ ZLOO VKRZ \RX D ELW RI GRFXPHQWDWLRQ DERXW WKDW IXQFWLRQ. FRU LQVWDQFH, LI \RX KDYH IRUJRWWHQ
KRZ WR VSHFLI\ D UDQJH RWKHU WKDQ 0, ..., Q­1, ZH FDQ XVH LQWURVSHFWLRQ RQ WKH UDQJH IXQFWLRQ.

UDQJH? 



       

P\WKRQ DQG SDJH DOVR DOORZ IRU XVHU­GHILQHG IXQFWLRQV. AV ZLWK YDULDEOHV, WKHVH PD\ EH GHILQHG LQ RQH FHOO
DQG WKHQ XVHG LQ ODWHU FHOO HYDOXDWLRQV. (TKHVH ZLOO QRW DGPLW LQWURVSHFWLRQ XQOHVV \RX GR VRPH H[WUD ZRUN,
EXW WKH\ ZLOO DGPLW WDE FRPSOHWLRQ.)

GHI VWUDQJH_VXP(D, E):
    F = D+E
    UHWXUQ(D+E+F) 

       

VWUDQJH_VXP(2, 3) 

        10

VWUDQJH_VXP 

       

File: /tmp/tmpDTc7pM/___code___.p\

T\pe: <t\pe 'function'>

Definition: strange_sum(a, b)

Docstring:

[.__LQLW__(...) LQLWLDOL]HV [; VHH [.__FODVV__.__GRF__ IRU VLJQDWXUH

MaWhemaWical objecWV in Sage

OQH LPSRUWDQW GLIIHUHQFH EHWZHHQ P\WKRQ DQG VRPH ORZHU­OHYHO SURJUDPPLQJ ODQJXDJHV OLNH C LV WKDW
P\WKRQ LV object­oriented. TKDW LV, EHVLGHV WKH YDULDEOHV DQG IXQFWLRQV WKDW RQH FDQ GHILQH JOREDOO\, RQH FDQ
DOVR FUHDWH objects ZLWK WKHLU RZQ YDULDEOHV DQG IXQFWLRQV DWWDFKHG WR WKHP. IQ SDJH, WKLV IUDPHZRUN LV XVHG
WR LPSOHPHQW WKH FRQVWUXFWLRQ RI PDWKHPDWLFDO REMHFWV LQ D ULJRURXV IDVKLRQ ZKLFK FRUUHVSRQGV SUHWW\ ZHOO
WR WKH ZD\ PDWKHPDWLFLDQV DUH XVHG WR WKLQNLQJ DERXW WKHVH REMHFWV. FRU H[DPSOH, RQH FDQ FUHDWH VXFK
REMHFWV DV WKH ULQJ RI LQWHJHUV DQG WKH ILHOG RI UDWLRQDO QXPEHUV.

Z = IQWHJHURLQJ()
Q = RDWLRQDOFLHOG() 

       

OQH FDQ WKHQ IHHG WKHVH LQWR PRUH FRPSOLFDWHG FRQVWUXFWLRQV, OLNH WKH ULQJ RI SRO\QRPLDOV LQ D VLQJOH
YDULDEOH.

R.<T> = PRO\QRPLDORLQJ(Q) 

       



IQ WKLV H[DPSOH, ZH KDYH FUHDWHG D SRO\QRPLDO ULQJ RYHU WKH UDWLRQDOV ZLWK D GLVWLQJXLVKHG JHQHUDWRU, WR
ZKLFK ZH KDYH DVVLJQHG WKH QDPH T. WH FDQ QRZ JHQHUDWH HOHPHQWV RI WKH ULQJ R VLPSO\ E\ ZULWLQJ GRZQ
H[SUHVVLRQV LQ T.

 

SRO\ = T^3 + 1
SULQW SRO\.SDUHQW()
SULQW SRO\.SDUHQW() == R 

        UQLYDULDWH PRO\QRPLDO RLQJ LQ T RYHU RDWLRQDO FLHOGTUXH

TKH "SDUHQW" FRPPDQG KHUH LV DQ H[DPSOH RI D method RI WKH REMHFW SRO\.

NRZ WKDW ZH FDQ PDNH SRO\QRPLDOV RYHU WKH UDWLRQDOV, ZKDW FDQ ZH GR ZLWK WKHP? AQ H[FHOOHQW ZD\ WR
ILQG RXW LV WR XVH tab completion: LI RQH W\SHV "SRO\." DQG WKHQ KLWV TDE, RQH LV SUHVHQWHG D OLVW RI DOO RI WKH
PHWKRGV DVVRFLDWHG WR SRO\.

SRO\.IDFWRU() ## FDQ DOVR EH LQYRNHG DV IDFWRU(SRO\) 

        (T + 1) * (T^2 ­ T + 1)

IQ WKH SUHYLRXV H[DPSOH, WKH "IDFWRU" PHWKRG GLG QRW UHTXLUH DQ\ DGGLWLRQDO DUJXPHQWV. IQ RWKHU H[DPSOHV,
RQH RU PRUH DUJXPHQWV PD\ EH UHTXLUHG.

SRO\.[JFG(T­2) ## H[WHQGHG GCD; FDQ DOVR EH LQYRNHG DV 
[JFG(SRO\, T­2) 

        (1, 1/9, ­1/9*T^2 ­ 2/9*T ­ 4/9)

TKLV V\QWD[ PLJKW VHHP D ELW VWUDQJH: WKH H[WHQGHG GCD RSHUDWLRQ LV HVVHQWLDOO\ V\PPHWULF LQ LWV YDULDEOHV,
VR FDOOLQJ LW LQ DQ DV\PPHWULF IDVKLRQ PD\ EH FRXQWHULQWXLWLYH. TKHUH LV DQ H[WUHPHO\ JRRG UHDVRQ IRU XVLQJ
WKH REMHFW­RULHQWHG V\QWD[, QDPHO\ WDE FRPSOHWLRQ. OQH FDQ IRU LQVWDQFH W\SH "SRO\." DQG KLV TDE WR VHH WKH
OLVW RI DOO RI WKH PHWKRGV DVVRFLDWHG WR SRO\!

TKH HDVH RI ORRNLQJ XS WKH RSHUDWLRQV DYDLODEOH RQ D JLYHQ W\SH RI PDWKHPDWLFDO REMHFW LV RQH RI P\
IDYRULWH IHDWXUHV RI SDJH. EYHQ MDJPD, ZKLFK KDV ERWK REMHFW RULHQWDWLRQ DQG WDE FRPSOHWLRQ, IDLOV RQ WKLV
SRLQW EHFDXVH IXQFWLRQV DUH QRW YLHZHG DV REMHFW PHWKRGV, EXW LQWVHDG DOO LQKDELW D VLQJOH QDPHVSDFH.

SRO\. 

       

AV IRU EDUH IXQFWLRQV, RQH FDQ DOVR W\SH D IHZ FKDUDFWHUV DQG JHW RQO\ WKH PHWKRGV WKDW VWDUW ZLWK WKH
FKDUDFWHUV \RX W\SH. FRU H[DPSOH, LI \RX FDQ'W UHPHPEHU ZKHWKHU WKH PHWKRG IRU IDFWRULQJ D SRO\QRPLDO LV
FDOOHG "IDFWRU", "IDFWRUL]H", "IDFWRULVH", "IDFWRUL]DWLRQ", RU "IDFWRULVDWLRQ", \RX FDQ FKHFN E\ GRLQJ D WDE
FRPSOHWLRQ:



SRO\.IDFWRU 

       

TKHUH FDQ VRPHWLPHV EH VRPH DPELJXLW\ DERXW ZKDW WKH FRUUHFW SDUHQW RI D PDWKHPDWLFDO REMHFW VKRXOG EH.
FRU LQVWDQFH, 3/4 LV D UDWLRQDO QXPEHU, EXW LW FDQ DOVR EH YLHZHG DV D SRO\QRPLDO RYHU WKH UDWLRQDOV, H.J.,
ZKHQ RQH ZDQWV WR DGG RU PXOWLSO\ LW ZLWK DQRWKHU VXFK SRO\QRPLDO. FRU WKH PRVW SDUW, SDJH ZLOO WDNH FDUH
RI WKLV IRU \RX DXWRPDWLFDOO\.

SRO\2 = SRO\ + 3/4
SULQW SRO\2.SDUHQW() 

        UQLYDULDWH PRO\QRPLDO RLQJ LQ T RYHU RDWLRQDO FLHOG

SRPHWLPHV, KRZHYHU, RQH QHHGV WR PDNH WKLV FKDQJH RI SDUHQW H[SOLFLW, H.J., LQ FDVH RQH ZDQWV WR FDOO D
PHWKRG ZKLFK H[LVWV IRU SRO\QRPLDOV EXW QRW IRU UDWLRQDOV. FRU H[DPSOH, WKLV IDLOV:

SRO\2 = 3/4
SRO\2.FRHIILFLHQWV() 

       

TUDFHEDFN (FOLFN WR WKH OHIW RI WKLV EORFN IRU WUDFHEDFN)
...
AWWULEXWHEUURU: 'VDJH.ULQJV.UDWLRQDO.RDWLRQDO' REMHFW KDV QR
DWWULEXWH 'FRHIILFLHQWV'

TKLV FKDQJH RI SDUHQW (FDOOHG coercion) LV XVXDOO\ DFFRPSOLVKHG E\ WKH IROORZLQJ V\QWD[, ZKLFK ORRNV OLNH
SOXJJLQJ WKH HOHPHQW LQWR WKH QHZ SDUHQW YLHZHG DV D IXQFWLRQ.

SRO\2 = R(3/4)
SRO\2.FRHIILFLHQWV() 

        [3/4]

PloWWing

SDJH KDV PDQ\ PRUH PDWKHPDWLFDO IHDWXUHV WKDQ ZH FDQ LQWURGXFH KHUH (EXW ZKLFK DUH ZHOO­GRFXPHQWHG).
OQH IHDWXUH ZKLFK ZLOO EH XVHG ODWHU LV SORWWLQJ RI YDULRXV NLQGV. (WH RQO\ QHHG 2D SORWWLQJ KHU; WKHUH DUH
DOVR H[WUHPHO\ FRRO 3D SORWWLQJ FDSDELOLWLHV, EXW \RX FDQ GLVFRYHU WKRVH RQ \RXU RZQ.)

SORW(VLQ, 0, SL) ## PORWWLQJ D EXLOW­LQ IXQFWLRQ 



       

YDU('[') ## DHILQH D V\PEROLF YDULDEOH QDPHG [
SORW([, ([, 0, 1)) ## PORW D IXQFWLRQ VSHFLILHG LQ WHUPV RI D 
V\PEROLF YDULDEOH 

       

GHI I([):
    UHWXUQ([^2+1)
    
SORW(I, ­1, 1) ## PORW D XVHU­GHILQHG IXQFWLRQ 



       

SORW(ODPEGD [: [^2+1, ­1, 1) ## SDPH WKLQJ XVLQJ DQ LQOLQH 
IXQFWLRQ 

       

SORW([VLQ([), FRV([)], ([, 0, SL/2)) ## PORW PXOWLSOH IXQFWLRQV 
RQ WKH VDPH D[HV 



       

VFDWWHU_SORW([([^2,[^3) IRU [ LQ UDQJH(­5,5)]) ## SORW D 
FROOHFWLRQ RI SRLQWV 

       

E[cepWion handling

TKLV ODVW SRLQW LV D ELW WHFKQLFDO, EXW LW ZLOO DULVH LQ WKH ODWHU OHFWXUHV. AV ZH VDZ HDUOLHU, LI \RX PDNH D
PLVWDNH, SDJH QRUPDOO\ LQWHUUXSWV WKH FRPSXWDWLRQ WR UHWXUQ DQ HUURU PHVVDJH H[SODLQLQJ ZKDW ZHQW ZURQJ.

SULQW (3 / (1­1)) 



       
TUDFHEDFN (FOLFN WR WKH OHIW RI WKLV EORFN IRU WUDFHEDFN)
...
ZHURDLYLVLRQEUURU: RDWLRQDO GLYLVLRQ E\ ]HUR

OQH FDQ H[SOLFLWO\ FUHDWH WKHVH HUURUV DV D GHEXJJLQJ WRRO.

GHI I(Q):
    LI Q < 0:
        UDLVH VDOXHEUURU, "AUJXPHQW RI I PXVW EH QRQQHJDWLYH"
    UHWXUQ(VTUW(Q))
    
SULQW I(1)
SULQW I(­1) 

       

1
TUDFHEDFN (FOLFN WR WKH OHIW RI WKLV EORFN IRU WUDFHEDFN)
...
VDOXHEUURU: AUJXPHQW RI I PXVW EH QRQQHJDWLYH

OQH FDQ DOVR FDWFK WKHVH HUURUV WR D OLPLWHG H[WHQW, XVLQJ WKH WU\ DQG H[FHSW FRPPDQGV.

GHI I([,\):
    WU\:
        Q = 1/[
        SULQW "LQYHUVLRQ FRPSOHWH"
        UHWXUQ(Q + \[0])
    H[FHSW ZHURDLYLVLRQEUURU:
        UHWXUQ 0

SULQW I(1, [2,3]) ## QRUPDO HYDOXDWLRQ
SULQW I(0, [4,5]) ## H[FHSWLRQ HQFRXQWHUHG, VNLSSLQJ WKH 
LQWHUQDO SULQW VWDWHPHQW
SULQW I(2, []) ## WKLV H[FHSWLRQ LV QRW FDXJKW, VR FDXVHV DQ 
HUURU
SULQW I(3, [3, 4]) ## ZH QHYHU JHW WKLV IDU 

       

LQYHUVLRQ FRPSOHWH
3
0
LQYHUVLRQ FRPSOHWH
TUDFHEDFN (FOLFN WR WKH OHIW RI WKLV EORFN IRU WUDFHEDFN)
...
IQGH[EUURU: OLVW LQGH[ RXW RI UDQJH

ConclXVion: ZhaW elVe can Sage do?

TR FRQFOXGH, ZH SRLQW RXW D IHZ PRUH DGYDQFHG WKLQJV WKDW FDQ EH DFFRPSOLVKHG XVLQJ SDJH, MXVW WR JLYH



WKH IODYRU RI ZKDW WKH SRVVLELOLWLHV DUH. TKHVH DUH PRVWO\ FRPSOHPHQWDU\ WR WKH DGYDQFHG IXQFWLRQDOLW\ IRU
HOOLSWLF FXUYHV WKDW ZLOO EH KLJKOLJKWHG LQ WKH VXEVHTXHQW OHFWXUHV.

CRPPXQLFDWH ZLWK RWKHU PDWKHPDWLFDO VRIWZDUH. SDJH LWVHOI VKLSV ZLWK PDQ\ ZHOO­UHJDUGHG IUHH
VRIWZDUH SDFNDJHV, VXFK DV PDUL (QXPEHU WKHRU\), GDS (JURXS WKHRU\), SLQJXODU (FRPPXWDWLYH
DOJHEUD), R (VWDWLVWLFV), HWF. SDJH FDQ DOVR FRPPXQLFDWH ZLWK QRQIUHH SDFNDJHV VXFK DV MDWKHPDWLFD,
MDSOH, MDWODE, DQG MDJPD LI \RX KDYH WKHP LQVWDOOHG. TKLV PHDQV WKDW \RX FDQ DFFHVV WKH SRZHU RI
PDQ\ VRIWZDUH SDFNDJHV ZKLOH (PRVWO\) RQO\ KDYLQJ WR GHDO ZLWK RQH ZHOO­GHVLJQHG SURJUDPPLQJ
ODQJXDJH!
CRPPXQLFDWH ZLWK THX DW YDULRXV OHYHOV. FRU LQVWDQFH, DQ\ SDJH REMHFW KDV D PHWKRG WKDW UHWXUQV LWV
UHSUHVHQWDWLRQ LQ THX. AQ HYHQ PRUH VSHFWDFXODU H[DPSOH LV SDJHTHX, D THX SDFNDJH WKDW DOORZV
\RXU THX GRFXPHQW WR SDVV LQSXWV WR SDJH DQG UHWULHYH WKH DQVZHUV!
AQQRWDWH QRWHERRNV E\ LQVHUWLQJ IRUPDWWHG WH[W DQG HYHQ THX FRGH EHWZHHQ WKH FHOOV, DV LQ WKLV
SUHVHQWDWLRQ.

 

       



AMS Short Course ­­ K. Ribet

AMS Short Course: Computing with Elliptic Curves using Sage

Januar\ 2­3, 2012

Lecture 2: Elliptic Curves over Finite Fields

Kenneth A. Ribet, UC Berkele\

SRPH UHIHUHQFHV: KWWS://ZZZ.VDJHPDWK.RUJ/GRF/UHIHUHQFH/VDJH/VFKHPHV/HOOLSWLF_FXUYHV/HOO_ILQLWH_ILHOG.KWPO DQG
KWWS://ZZZ.VDJHPDWK.RUJ/GRF/UHIHUHQFH/VDJH/VFKHPHV/HOOLSWLF_FXUYHV/IRUPDO_JURXS.KWPO

TKLV OHFWXUH LV DERXW HOOLSWLF FXUYHV RYHU ILQLWH ILHOGV, VR ZH VKRXOG SLFN RQH.  WH'OO VWDUW ZLWK   DQG
FRQVLGHU WKH ILHOGV ZLWK   HOHPHQWV DQG ZLWK   HOHPHQWV:

S=23; N=GF(S); K.<D> = GF(S^2) 

�������

S; N ; K 

�������
23
FLQLWH FLHOG RI VL]H 23
FLQLWH FLHOG LQ D RI VL]H 23^2

D.PLQLPDO_SRO\QRPLDO() 

������� [^2 + 21*[ + 5

TKHUH DUH DW OHDVW WKUHH GLIIHUHQW ZD\V WR GHILQH DQ HOOLSWLF FXUYH RYHU   RU  : (1) ZH FDQ VSHFLI\ WKH WZR FRHIILFLHQWV RI D VKRUW­
IRUP WHLHUVWUDVV HTXDWLRQ; (2) ZH FDQ VSHFLI\ WKH ILYH FRHIILFLHQWV RI D ORQJ­IRUP WHLHUVWUDVV HTXDWLRQ; (3) ZH FDQ VSHFLI\ D  ­
LQYDULDQW DQG OHW VDJH SLFN D FXUYH ZLWK WKDW  ­LQYDULDQW.

E1 = EOOLSWLFCXUYH(N, [1,2]); E2 = EOOLSWLFCXUYH(N,[1,2,3,4,5]); E3 = 
EOOLSWLFCXUYH(M=N(2904)) ; E1; E2; E3 

�������

EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + [ + 2 RYHU FLQLWH FLHOG RI
VL]H 23
EOOLSWLF CXUYH GHILQHG E\ \^2 + [*\ + 3*\ = [^3 + 2*[^2 + 4*[ + 5
RYHU FLQLWH FLHOG RI VL]H 23
EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 15*[ + 7 RYHU FLQLWH FLHOG RI
VL]H 23

SDJH ZLOO "JUDSK" HOOLSWLF FXUYHV RYHU ILQLWH ILHOGV, EXW WKH UHVXOWLQJ LPDJH PD\ QRW DGG PXFK WR \RXU GD\.

EOOLSWLFCXUYH(GF(503),[4,4]).SORW() 

p 3 = 2
p  p  2

k  K  
j  

j  



�������

EYHQ ZKHQ ZRUNLQJ RYHU ILQLWH ILHOGV, RXU PHQWDO LPDJH RI DQ HOOLSWLF FXUYH ZLOO WHQG WR EH OLNH WKH SLFWXUH EHORZ:

E=EOOLSWLFCXUYH('389D');
G=SORW(E, GSL=70);
G += VXP([SORW(S,SRLQWVL]H=100*S.KHLJKW()) IRU S LQ E.JHQV()]);
VKRZ(G) 

�������

TKLV LV WKH FXUYH WKDW I DP ZHDULQJ.



TKLV LV WKH FXUYH WKDW I DP ZHDULQJ.

I ZLOO UHWXUQ WR  ,   DQG   LQ D FRXSOH RI PLQXWHV, EXW ILUVW I ZDQW WR ORRN DW D IRXUWK FXUYH, ZKLFK I'OO FDOO  , DQG ILQG D
VLQJOH QRQ­]HUR SRLQW RQ WKLV FXUYH "E\ KDQG."

E=EOOLSWLFCXUYH(GF(144169),[­1,3]); E 

������� EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 144168*[ + 3 RYHU FLQLWH FLHOGRI VL]H 144169

I DP IRQG RI WKH SULPH QXPEHU 144169 IRU WZR UHDVRQV.  FLUVW, LW'V WKH GLVFULPLQDQW RI WKH HHFNH DOJHEUD DVVRFLDWHG WR WKH VSDFH RI
FXVS IRUPV RI ZHLJKW 24 RQ  .  SHFRQG, LW'V WKH FRQFDWHQDWLRQ RI   DQG  .

E.DEHOLDQ_JURXS() 

�������
AGGLWLYH DEHOLDQ JURXS LVRPRUSKLF WR Z/143944 HPEHGGHG LQ AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 144168*[ +
3 RYHU FLQLWH FLHOG RI VL]H 144169

TKH JURXS RI UDWLRQDO SRLQWV RQ WKLV FXUYH LV F\FOLF RI RUGHU 

MRG(1^3 + 144168*1 + 3, 144169); NURQHFNHU(1^3 + 144168*1 + 3, 144169) 

�������
3
1

II  , WKH RHS RI WKH GHILQLQLQJ HTXDWLRQ IRU   LV 3, ZKLFK LV D VTXDUH PRG 144169.  CDQ ZH ILQG D VTXDUH URRW RI 3 PRG
144169?  CLSROOD'V DOJRULWKP, ZKLFK I ZLOO H[SODLQ DW WKH HQG RI WKH WDON, RXWSXWV 79896 DV D VTXDUH URRW RI 3.

P=E([1,79896]); P; P.RUGHU() 

������� (1 : 79896 : 1)143944

WH ZHUH DEOH WR ILQG D JHQHUDWRU IRU WKH JURXS RI UDWLRQDO SRLQWV RI   VLPSO\ E\ PHVVLQJ DURXQG.  TKH D SULRUL SUREDELOLW\ IRU
VXFFHVV ZDV D ELW ODUJHU WKDQ 0.47:

HXOHU_SKL(143944)/143944. 

������� 0.473184016006225

EQG RI LQWHUOXGH.  NRZ OHW'V JR EDFN WR WKH WKUHH RULJLQDO FXUYHV DQG FRPSXWH VRPH RI WKHLU LQYDULDQWV.

E1.M_LQYDULDQW(); E2.M_LQYDULDQW(); E3.M_LQYDULDQW() 

�������
19
22
6

NRWH WKDW   KDSSHQV WR EH WKH XQLTXH VXSHUVLQJXODU  ­LQYDULDQW LQ FKDUDFWHULVWLF 23, RWKHU WKDQ   DQG  ,
ZKLFK DUH VXSHUVLQJXODU EHFDXVH   LV   PRG 3 DQG PRG 4, UHVSHFWLYHO\.  IW'V VHUHQGLSLWRXV WKDW ZH VWXPEOHG RQ WKH  ­LQYDULDQW
19 E\ HQWHULQJ 1 DQG 2 DV WKH FRHILLFLHQWV RI RXU VKRUW WHLHUVWUDVV HTXDWLRQ.

E1.LV_VXSHUVLQJXODU(); E2.LV_VXSHUVLQJXODU(); E3.LV_VXSHUVLQJXODU() 

�������
TUXH
FDOVH
FDOVH

E1 E2  E3  E  

SL(2; ) = 12  2 13  2

2 9 47: 3 Á 1 Á 9

x  = 1 E  

E  

19 4 Ñ À j   j  = 0 j 728 = 1
23  À1  j  



E1.KDVVH_LQYDULDQW(); E2.KDVVH_LQYDULDQW(); E3.KDVVH_LQYDULDQW() 

�������
0
17
8

E1.FDUGLQDOLW\(); E2.FDUGLQDOLW\(); E3.FDUGLQDOLW\() 

�������
24
30
16

E1.WUDFH_RI_IUREHQLXV(); E2.WUDFH_RI_IUREHQLXV(); E3.WUDFH_RI_IUREHQLXV() 

�������
0
­6
8

II   LV WKH WUDFH RI FUREHQLXV RI D FXUYH  , WKH QXPEHU RI SRLQWV RI   RYHU   LV  .  OQFH ZH NQRZ  , ZH FDQ FRPSXWH
WKH QXPEHU RI SRLQWV RI   RYHU DQ\ ILQLWH H[WHQVLRQ RI  .  IQ SDUWLFXODU, WKH QXPEHU RI SRLQWV RI   RYHU   LV 

.

(1+S­E1.WUDFH_RI_IUREHQLXV())*(1+S+E1.WUDFH_RI_IUREHQLXV()); (1+S­
E2.WUDFH_RI_IUREHQLXV())*(1+S+E2.WUDFH_RI_IUREHQLXV()); (1+S­
E3.WUDFH_RI_IUREHQLXV())*(1+S+E3.WUDFH_RI_IUREHQLXV()) 

�������
576
540
512

WH FDQ FKHFN WKLV LQ DOO WKUHH FDVHV, EXW OHW'V MXVW FKRRVH RQH FDVH­­­VD\ WKH PLGGOH RQH.

E2.FDUGLQDOLW\(H[WHQVLRQ_GHJUHH=2) 

������� 540

SDJH WDNHV JUHDW SOHDVXUH LQ FRPSXWLQJ WKH DEHOLDQ JURXS VWUXFWXUH RI JURXSV RI SRLQWV RQ DQ HOOLSWLF FXUYH RYHU D ILQLWH ILHOG.

E1.DEHOLDQ_JURXS(); E2.DEHOLDQ_JURXS(); E3.DEHOLDQ_JURXS() 

�������

AGGLWLYH DEHOLDQ JURXS LVRPRUSKLF WR Z/2 + Z/12 HPEHGGHG LQ AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + [ + 2 RYHU
FLQLWH FLHOG RI VL]H 23
AGGLWLYH DEHOLDQ JURXS LVRPRUSKLF WR Z/30 HPEHGGHG LQ AEHOLDQ JURXS
RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 + [*\ + 3*\ = [^3 + 2*[^2
+ 4*[ + 5 RYHU FLQLWH FLHOG RI VL]H 23
AGGLWLYH DEHOLDQ JURXS LVRPRUSKLF WR Z/2 + Z/8 HPEHGGHG LQ AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 15*[ + 7
RYHU FLQLWH FLHOG RI VL]H 23

WKDW KDSSHQV RYHU  ?

E1.FKDQJH_ULQJ(K).DEHOLDQ_JURXS(); E2.FKDQJH_ULQJ(K).DEHOLDQ_JURXS(); 
E3.FKDQJH_ULQJ(K).DEHOLDQ_JURXS() 

�������

AGGLWLYH DEHOLDQ JURXS LVRPRUSKLF WR Z/24 + Z/24 HPEHGGHG LQ AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + [ + 2 RYHU
FLQLWH FLHOG LQ D RI VL]H 23^2
AGGLWLYH DEHOLDQ JURXS LVRPRUSKLF WR Z/6 + Z/90 HPEHGGHG LQ AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 + [*\ + 3*\ = [^3 +
2*[^2 + 4*[ + 5 RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
AGGLWLYH DEHOLDQ JURXS LVRPRUSKLF WR Z/16 + Z/32 HPEHGGHG LQ AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 15*[ + 7

t  E   E   k  1  + pÀ t t 
E   K   E   K   (1 )+ p 2À t2 = (

K  



JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 15*[ + 7
RYHU FLQLWH FLHOG LQ D RI VL]H 23^2

SR   KDV WZR "LQGHSHQGHQW" SRLQWV RI RUGHU 16; ZH FDQ WDNH WKH WHLO SDLULQJ RI WKHVH WZR SRLQWV WR JHW D 16WK URRW RI XQLW\ LQ 
:

P,Q = E3.FKDQJH_ULQJ(K).JHQV(); P; Q; P.RUGHU(); Q.RUGHU() 

�������

(9*D : 6*D + 2 : 1)
(4*D + 19 : 13*D + 6 : 1)
32
16

(2*P).ZHLO_SDLULQJ(Q,16) 

������� 4*D + 17

TR FKHFN WKDW WKLV HOHPHQW LV LQGHHG D 16WK URRW RI XQLW\, LW VXIILFHV WR FKHFN WKDW LWV HLJKWK SRZHU LV  .

(_)^8 

������� 22

II ZH H[FKDQJH   DQG  , WKH YDOXH RI WKH WHLO SDLULQJ LV LQYHUWHG:

((2*P).ZHLO_SDLULQJ(Q,16))*(Q.ZHLO_SDLULQJ(2*P,16)) 

������� 1

IVRJHQLHV

WH'OO GLYLGH   E\ D F\FOLF VXEJURXS RI RUGHU 32 GHILQHG RYHU  :

E3RYHUK = E3.FKDQJH_ULQJ(K) 

�������

SKL = E3RYHUK.LVRJHQ\(P); SKL 

�������
IVRJHQ\ RI GHJUHH 32 IURP EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 15*[
+ 7 RYHU FLQLWH FLHOG LQ D RI VL]H 23^2 WR EOOLSWLF CXUYH GHILQHG E\
\^2 = [^3 + (4*D+9)*[ + (16*D+7) RYHU FLQLWH FLHOG LQ D RI VL]H 23^2

ESULPH = SKL.FRGRPDLQ(); ESULPH 

�������
EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + (4*D+9)*[ + (16*D+7) RYHU
FLQLWH FLHOG LQ D RI VL]H 23^2

ESULPH.LV_LVRJHQRXV(E3) 

������� TUXH

OYHU ILQLWH ILHOGV, LVRJHQRXV FXUYHV KDYH WKH VDPH QXPEHU RI HOHPHQWV.

ESULPH.FDUGLQDOLW\() 

������� 512

AXWRPRUSKLVPV

A "JHQHULF" FXUYH KDV RQO\   DV LWV JURXS RI DXWRPRUSKLVPV.  TKH FXUYHV ZLWK   DQG   KDYH DFWLRQV RI 
DQG  , UHVSHFWLYHO\.

E3  K

À1 2 Ñ 2

P   Q 

E3  K  

fÆ1g  j  = 0 j 728 = 1 �  3
�  4



E1.FKDQJH_ULQJ(K).DXWRPRUSKLVPV() 

�������

[GHQHULF HQGRPRUSKLVP RI AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH
GHILQHG E\ \^2 = [^3 + [ + 2 RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (1, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + [ + 2 RYHU
FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (22, 0, 0, 0)]

EOOLSWLFCXUYH(M=N(0)).DXWRPRUSKLVPV() 

�������

[GHQHULF HQGRPRUSKLVP RI AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH
GHILQHG E\ \^2 = [^3 + 1 RYHU FLQLWH FLHOG RI VL]H 23
  VLD:  (X,U,V,W) = (1, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 1 RYHU
FLQLWH FLHOG RI VL]H 23
  VLD:  (X,U,V,W) = (22, 0, 0, 0)]

EOOLSWLFCXUYH(M=K(0)).DXWRPRUSKLVPV() 

�������

[GHQHULF HQGRPRUSKLVP RI AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH
GHILQHG E\ \^2 = [^3 + 1 RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (1, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 1 RYHU
FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (22, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 1 RYHU
FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (4*D + 7, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI
AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 1
RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (4*D + 8, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI
AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 1
RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (19*D + 15, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI
AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + 1
RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (19*D + 16, 0, 0, 0)]

(19*D+16)^3 

������� 22

EOOLSWLFCXUYH(M=K(1728)).DXWRPRUSKLVPV() 

�������

[GHQHULF HQGRPRUSKLVP RI AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH
GHILQHG E\ \^2 = [^3 + [ RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (1, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + [ RYHU
FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (22, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI AEHOLDQ
JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + [ RYHU
FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (11*D + 12, 0, 0, 0), GHQHULF HQGRPRUSKLVP RI
AEHOLDQ JURXS RI SRLQWV RQ EOOLSWLF CXUYH GHILQHG E\ \^2 = [^3 + [
RYHU FLQLWH FLHOG LQ D RI VL]H 23^2
  VLD:  (X,U,V,W) = (12*D + 11, 0, 0, 0)]

(12*D + 11)^2 

������� 22

F.<E>= GF(4); OHQ(EOOLSWLFCXUYH(M=F(0)).DXWRPRUSKLVPV()) 

������� 24

EPEHGGLQJ GHJUHH



EPEHGGLQJ GHJUHH
AW WKLV SRLQW, ZH FDQ IRRO DURXQG D ELW ZLWK VRPH ODUJH SULPHV, MXVW WR VKRZ WKDW VDJH GRHV QRW FKRNH RQ ODUJH QXPEHUV.  TKH
H[DPSOH KHUH LV IURP DQ DUWLFOH E\ DDYLG FUHHPDQ, D PDWKHPDWLFDO FU\SWRJUDSKHU ZKR LV QRZ DW SWDQIRUG.

T=6462310997348816962203124910505252082673338846966431201635262694402825461643;
 IDFWRU(T) 

�������

IQ RWKHU ZRUGV,   LV D ODUJH SULPH, LQ IDFW D 252­ELW SULPH:

OHQ(T.VWU(2)) 

�������

E=EOOLSWLFCXUYH(GF(T),[­
3,4946538166640251374274628820269694144249181776013154863288086212076808528141]) 

�������

WLPH Q=E.RUGHU(); Q; LV_SULPH(Q) 

�������

IQ RWKHU ZRUGV, WKLV FXUYH KDV D JURXS RI UDWLRQDO SRLQWV WKDW LV (F\FOLF) RI SULPH RUGHU; ZH'UH FDOOLQJ   WKH RUGHU.  FRU FUHHPDQ,
WKH VWULNLQJ IDFW DERXW WKLV H[DPSOH LV WKDW \RX FDQ JHW WKH IXOO JURXS   WR EH UDWLRQDO E\ SDVVLQJ WR D UHODWLYHO\
VPDOO H[WHQVLRQ RI WKH EDVH ILHOG (WKH ILHOG ZLWK   HOHPHQWV):

MRG(T,Q).PXOWLSOLFDWLYH_RUGHU() 

�������

IQ RWKHU ZRUGV, LI ZH SDVV WR D GHJUHH­10 H[WHQVLRQ RI WKH EDVH ILHOG, ZH IRUFH DOO WKH  ­GLYLVLRQ SRLQWV RQ WKH FXUYH WR EHFRPH
UDWLRQDO.

WLPH E.FDUGLQDOLW\(H[WHQVLRQ_GHJUHH=10)/Q^2 

�������

TKH IDFW WKDW WKH UDWLR LV DQ LQWHJHU PHDQV WKDW   GRHV GLYLGH WKH JURXS RI SRLQWV RQ   ZLWK FRRUGLQDWHV LQ WKH ODUJH ILHOG.

TKH IDFW WKDW WKH UDWLR LV DQ LQWHJHU PHDQV WKDW   GRHV GLYLGH WKH JURXS RI SRLQWV RQ   ZLWK FRRUGLQDWHV LQ WKH ODUJH ILHOG.  AV
\RX DUH DERXW WR VHH, LW LV HDV\ WR ILQG RQH SRLQW RI RUGHU   RQ  .  FLQGLQJ D VHFRQG LQGHSHQGHQW SRLQW LV D FRPSXWDWLRQDO
FKDOOHQJH WKDW I KDYHQ'W DWWHPSWHG.

WLPH E.JHQV() 

�������

TU\LQJ WR UXQ WKH IROORZLQJ FRPPDQG ZLOO JHW XV LQWR D FRPSXWDWLRQ IRU ZKLFK I FDQ'W HVWLPDWH WKH "DUULYDO WLPH."  TKHUHIRUH, ZH
ZRQ'W JR WKHUH!

#  K.<D>= GF(T^10); E.FKDQJH_ULQJ(K).JHQV() 

�������

SXSHUVLQJXODU  ­LQYDULDQWV LQ FKDUDFWHULVWLF 103

IURP VDJH.VFKHPHV.HOOLSWLF_FXUYHV.HOO_ILQLWH_ILHOG LPSRUW 

q 
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IURP VDJH.VFKHPHV.HOOLSWLF_FXUYHV.HOO_ILQLWH_ILHOG LPSRUW 
VXSHUVLQJXODU_M_SRO\QRPLDO 

�������

I=VXSHUVLQJXODU_M_SRO\QRPLDO(103); W\SH(I) 

�������
<W\SH
'VDJH.ULQJV.SRO\QRPLDO.SRO\QRPLDO_]PRG_IOLQW.PRO\QRPLDO_]PRG_IOLQW'&\
JW;

VXSHUVLQJXODU_M_SRO\QRPLDO(103).IDFWRU() 

������� (M + 34) * (M + 69) * (M + 79) * (M + 80) * (M^2 + 63*M + 69) * (M^2+ 84*M + 73)

R.<[>=L[] 

�������

R 

������� UQLYDULDWH PRO\QRPLDO RLQJ LQ [ RYHU FLQLWH FLHOG LQ F RI VL]H 103^2

I([) 

������� [^8 + 100*[^7 + 84*[^6 + 83*[^5 + 70*[^4 + 58*[^3 + 24*[^2 + 15*[ +64

IDFWRU(_) 

������� ([ + 34) * ([ + 69) * ([ + 79) * ([ + 80) * ([ + 40*F + 63) * ([ +46*F + 19) * ([ + 57*F + 65) * ([ + 63*F)

VXSHUVLQJXODU_M_SRO\QRPLDO(103).GHJUHH() 

������� 8

IORRU((103­1)/12) 

������� 8

E=EOOLSWLFCXUYH(M=L(­63*F)) 

�������

E.LV_VXSHUVLQJXODU() 

������� TUXH

FRUPDO JURXSV

G1=E1.IRUPDO_JURXS(); G3 = E3.IRUPDO_JURXS() 

�������

TKH JURXS ODZ DWWDFKHG WR D IRUPDO JURXS LV D SRZHU VHULHV LQ WZR YDULDEOHV, FDOOHG   DQG   E\ VDJH.

G1.JURXS_ODZ(15); G3.JURXS_ODZ(15) 

W1 + O(W1^15) + (1 + 21*W1^4 + 17*W1^6 + 21*W1^8 + 7*W1^10 +
18*W1^12 + 19*W1^14 + O(W1^15))*W2 + (19*W1^3 + 5*W1^5 + 3*W1^9 +
10*W1^11 + 4*W1^13 + O(W1^15))*W2^2 + (19*W1^2 + 16*W1^4 + 8*W1^6 +
W1^8 + 10*W1^10 + 16*W1^12 + 3*W1^14 + O(W1^15))*W2^3 + (21*W1 +
16*W1^3 + 16*W1^5 + 5*W1^7 + W1^9 + 18*W1^11 + 12*W1^13 +
O(W1^15))*W2^4 + (5*W1^2 + 16*W1^4 + 20*W1^6 + 18*W1^8 + 7*W1^10 +
7*W1^12 + 21*W1^14 + O(W1^15))*W2^5 + (17*W1 + 8*W1^3 + 20*W1^5 +
8*W1^7 + 6*W1^9 + 4*W1^11 + 10*W1^13 + O(W1^15))*W2^6 + (5*W1^4 +
8*W1^6 + 12*W1^8 + 18*W1^10 + 15*W1^12 + 5*W1^14 + O(W1^15))*W2^7 +
(21*W1 + W1^3 + 18*W1^5 + 12*W1^7 + W1^9 + 22*W1^11 + 21*W1^13 +

O(W1^15))*W2^8 + (3*W1^2 + W1^4 + 6*W1^6 + W1^8 + 20*W1^10 + 6*W1^12

t1  t2 



�������

O(W1^15))*W2^8 + (3*W1^2 + W1^4 + 6*W1^6 + W1^8 + 20*W1^10 + 6*W1^12
+ 22*W1^14 + O(W1^15))*W2^9 + (7*W1 + 10*W1^3 + 7*W1^5 + 18*W1^7 +
20*W1^9 + 17*W1^11 + W1^13 + O(W1^15))*W2^10 + (10*W1^2 + 18*W1^4 +
4*W1^6 + 22*W1^8 + 17*W1^10 + 13*W1^12 + O(W1^15))*W2^11 + (18*W1 +
16*W1^3 + 7*W1^5 + 15*W1^7 + 6*W1^9 + 13*W1^11 + 8*W1^13 +
O(W1^15))*W2^12 + (4*W1^2 + 12*W1^4 + 10*W1^6 + 21*W1^8 + W1^10 +
8*W1^12 + 14*W1^14 + O(W1^15))*W2^13 + (19*W1 + 3*W1^3 + 21*W1^5 +
5*W1^7 + 22*W1^9 + 14*W1^13 + O(W1^15))*W2^14 + O(W2^15)
W1 + O(W1^15) + (1 + 16*W1^4 + 2*W1^6 + 10*W1^8 + 11*W1^10 + 6*W1^12
+ W1^14 + O(W1^15))*W2 + (9*W1^3 + 6*W1^5 + 8*W1^9 + 19*W1^11 +
22*W1^13 + O(W1^15))*W2^2 + (9*W1^2 + 10*W1^4 + 6*W1^6 + 18*W1^8 +
11*W1^10 + 19*W1^12 + 18*W1^14 + O(W1^15))*W2^3 + (16*W1 + 10*W1^3 +
12*W1^5 + 21*W1^7 + 18*W1^9 + 7*W1^11 + 20*W1^13 + O(W1^15))*W2^4 +
(6*W1^2 + 12*W1^4 + 15*W1^6 + 11*W1^8 + 4*W1^10 + W1^12 + 10*W1^14 +
O(W1^15))*W2^5 + (2*W1 + 6*W1^3 + 15*W1^5 + W1^7 + 10*W1^9 +
22*W1^11 + O(W1^15))*W2^6 + (21*W1^4 + W1^6 + 20*W1^8 + 19*W1^10 +
12*W1^12 + 16*W1^14 + O(W1^15))*W2^7 + (10*W1 + 18*W1^3 + 11*W1^5 +
20*W1^7 + 18*W1^9 + 5*W1^11 + 6*W1^13 + O(W1^15))*W2^8 + (8*W1^2 +
18*W1^4 + 10*W1^6 + 18*W1^8 + 21*W1^10 + 15*W1^12 + O(W1^15))*W2^9 +
(11*W1 + 11*W1^3 + 4*W1^5 + 19*W1^7 + 21*W1^9 + 7*W1^11 + W1^13 +
O(W1^15))*W2^10 + (19*W1^2 + 7*W1^4 + 22*W1^6 + 5*W1^8 + 7*W1^10 +
21*W1^12 + 2*W1^14 + O(W1^15))*W2^11 + (6*W1 + 19*W1^3 + W1^5 +
12*W1^7 + 15*W1^9 + 21*W1^11 + 4*W1^13 + O(W1^15))*W2^12 + (22*W1^2
+ 20*W1^4 + 6*W1^8 + W1^10 + 4*W1^12 + 13*W1^14 + O(W1^15))*W2^13 +
(W1 + 18*W1^3 + 10*W1^5 + 16*W1^7 + 2*W1^11 + 13*W1^13 +
O(W1^15))*W2^14 + O(W2^15)

G0=EOOLSWLFCXUYH(M=F(0)).IRUPDO_JURXS(); G0 

������� FRUPDO GURXS DVVRFLDWHG WR WKH EOOLSWLF CXUYH GHILQHG E\ \^2 + \ =[^3 RYHU FLQLWH FLHOG LQ E RI VL]H 2^2

G0.PXOW_E\_Q(2) 

������� W^4 + O(W^10)

G1.PXOW_E\_Q(23,SUHF=30) 

������� O(W^30)

G3.PXOW_E\_Q(23, SUHF=30) 

������� 8*W^23 + O(W^30)

STXDUH URRWV PRG 

TKH SUREOHP LV WKLV: LI   LV D QRQ­]HUR LQWHJHU PRG  , LW'V HDV\ WR VHH ZKHWKHU   LV D VTXDUH PRG   E\ FRPSXWLQJ   PRG  :
WKH UHVXOW LV   LI DQG RQO\ LI   LV D VTXDUH.  SXSSRVH LW LV?  HRZ GR ZH ILQG D VTXDUH URRW RI  ?  TKHUH'V DQ LQWHUHVWLQJ DOJRULWKP,
CLSROOD'V DOJRULWKP KWWS://HQ.ZLNLSHGLD.RUJ/ZLNL/CLSROOD'V_DOJRULWKP, WKDW VROYHV WKH SUREOHP.  I OHDUQHG DERXW LW IURP P\
FROOHDJXH MDWW BDNHU.  IW'V HDV\ WR LPSOPHQW LQ VDJH.

TKH PHWKRG LV DV IROORZV: WDNH UDQGRP YDOXHV RI   XQWLO \RX ILQG D   VXFK WKDW   LV D QRQ­VTXDUH.  TR  , DGMRLQ D VTXDUH
URRW RI  ; FDOO LW  .  TKHQ   LV D VTXDUH URRW RI  .

S=1234567891; D= 11; NURQHFNHU(D,S) 

������� 1

TKXV 11 LV D VTXDUH PRG  .  CDQ ZH ILQG LWV VTXDUH URRW?

W=7; NURQHFNHU(W^2­D,S) 

������� ­1

p 
a  p  a  p  a  (pÀ1)=2 p 

+1  a  a 

t  t  t  2À a F  p
t  2À a !  (a )  + ! (p+1)=2 a 

p 234567891 = 1



TKH YDOLXH   ZDVQ'W KDUG WR ILQG: I WULHG   XQWLO I JRW WR 7.

R.<[> = PRO\QRPLDORLQJ(GF(S)); R 

������� UQLYDULDWH PRO\QRPLDO RLQJ LQ [ RYHU FLQLWH FLHOG RI VL]H 1234567891

W=7; E=(W^2­D)%S; S.<RPHJD> = R.TXR(([^2­E)); S 

������� UQLYDULDWH QXRWLHQW PRO\QRPLDO RLQJ LQ RPHJD RYHU FLQLWH FLHOG RIVL]H 1234567891 ZLWK PRGXOXV [^2 + 1234567853

VTXDUHURRW= (W+RPHJD)^((S+1)/2); VTXDUHURRW 

������� 77590393

IQ RWKHU ZRUGV, WKH DOJRULWKP RXWSXWV 77590393 DV D VTXDUH URRW RI 11 PRG  .  WH VKRXOG FKHFN WKH UHVXOW!

77590393^2%S 

�������

FLQ
 

�������

t  = 7 t ;  = 1 : : :

p 

11 



Solving Cubic Equations

Benedict Gross and William Stein

January, 2012



Algebraic equations

a

bc

a2 +b2 =c2

Pythagoras (600 BCE) Baudhāyana (800 BCE)



Differential equations

F ′(T ) = F (T ) dF/dT = F F (0) = 1

F (T ) = exp(T ) = 1 + T + T 2/2 + T 3/6 + T 4/24 + T 5/120 + ...



Pythagorean triples

a2 + b2 = c2 has solutions (3,4,5), (5,12,13), (7,24,25), . . .

There are more solutions on a Babylonian tablet (1800 BCE):

(3, 4, 5)
(5, 12, 13)
(7, 24, 25)
(9, 40, 41)
(11, 60, 61)
(13, 84, 85)
(15, 8, 17)
(21, 20, 29)
(33, 56, 65)
(35, 12, 37)
(39, 80, 89)
(45, 28, 53)
(55, 48, 73)
(63, 16, 65)
(65, 72, 97)



The general solution of a2 + b2 = c2

x = a/c and y = b/c satisfy the equation x2 + y2 = 1

-1 -0.5 0.5 1

-1

-0.5

0.5

1

(0,t)

(x,y)

t =
y

1 + x
x =

1− t2

1 + t2 y =
2t

1 + t2



Write t = p/q. Then

x =
q2 − p2

q2 + p2 y =
2qp

q2 + p2

a = q2 − p2 b = 2qp c = q2 + p2

t = 1/2 −→ (a,b, c) = (3,4,5)

t = 2/3 −→ (a,b, c) = (5,12,13)

t = 3/4 −→ (a,b, c) = (7,24,25)



Cubic equations
After linear and quadratic equations come cubic equations, like

x3 + y3 = 1 y2 + y = x3 − x

Here there may be either a finite or an infinite number of
rational solutions.



The graph

y2 + y = x3 − x

-2 -1 0 1 2 3

-4

-2

0

2

4

-2 -1 0 1 2 3

-4

-2

0

2

4

-2 -1 0 1 2 3

-4

-2

0

2

4

(2,−3)

(−1,0)

(0,−1)



The limit of a secant line is a tangent

y2 + y = x3 − x
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Large solutions
If the number of solutions is infinite, they quickly become large.

y2 + y = x3 − x
(0, 0)
(1, 0)
(-1, -1)
(2, -3)
(1/4, -5/8)
(6, 14)
(-5/9, 8/27)
(21/25, -69/125)
(-20/49, -435/343)
(161/16, -2065/64)
(116/529, -3612/12167)
(1357/841, 28888/24389)
(-3741/3481, -43355/205379)
(18526/16641, -2616119/2146689)
(8385/98596, -28076979/30959144)
(480106/4225, 332513754/274625)
(-239785/2337841, 331948240/3574558889)
(12551561/13608721, -8280062505/50202571769)
(-59997896/67387681, -641260644409/553185473329)
(683916417/264517696, -18784454671297/4302115807744)
(1849037896/6941055969, -318128427505160/578280195945297)
(51678803961/12925188721, 10663732503571536/1469451780501769)
(-270896443865/384768368209, 66316334575107447/238670664494938073)



Even the simplest solution can be large
y2 + y = x3 − 5115523309x − 140826120488927

Numerator of x-coordinate of smallest solution (5454 digits):

Denominator:



The rank

The rank of E is essentially the number of independent
solutions.

I rank (E) = 0 means there are finitely many solutions.

I rank (E) > 0 means there are infinitely many solutions.

I The curve E(a) with equation

y(y + 1) = x(x − 1)(x + a)

has rank = 0,1,2,3,4 for a = 0,1,2,4,16.



The rank is finite

Can it be arbitrarily large?



The current record is rank(E) = 28
y2 + xy + y = x3 − x2 − 20067762415575526585033208209338542750930230312178956502x+

344816117950305564670329856903907203748559443593191803612660082962919394 48732243429



Bryan Birch and Peter Swinnerton-Dyer made a prediction for
the rank, based on the average number of solutions at prime
numbers p.



Primes
A prime p is a number greater than 1 that is not divisible by any
smaller number.

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61,
67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109, . . .

There are infinitely many primes. The largest explicit prime
known is 243112609 − 1 with 12,978,189 digits.
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The Prime Number 29689 − 1 =
478220278805461202952839298660005909741497172402236500851334510991837895094266297027892768
611270789458682472098152425631930658505267683408748083442943326479742589324762368833102163
320895484735480579994334130982598901374380618710958104314868081377832153049671560156328262
441404039814320762203627219040859079053720347525610556407157926386787524098557335652265610
854212857732105787905232886503535587361567936365588992571157442015383209175242284304691881
142740066213555930351685370397681268638575037622778794958058208183126172570100349820651232
987267723348951095346937568303703837399969677158578890563911552261340549570718452415821920
822376644205901459333065700972215396237685342377048613857808977562130116781129916640736174
660669780818675796691467124607371290420058840892318638773788767529288695379706698096740605
353012285353903696549022478492464900795489867850331465554647550450168618735486696437455261
412064078294962245202778896213860266593314768769632208950427879162465151931232783175655377
937719452467339581928148666857638401959072017941334958297031939388438881049454604034208753
656362833215207318161430072176937142623851754052084521466531330118355196259184955893849902
534878037671647707393063443684008446825593744345169031599934913766463896897261419901530490
654781905622717122494707073971630095377574344130792050186353223446654564569577433188504497
825014866346737213039209989485214519099823287877248665051301081676990289251871925006694721
570653621624869624056925686555429622155221156042777866254593699880107018616260147647429345
983018365127336346273267588306070141035925482914977433929717368076561095959991130918978823
835013163567266143596921823997719693387439540399662367558052821120713639637085805605116078
177098545257698803233381293927275210194462952749031383555198519709592888523641530178921867
514101454120309619127093436903952209828031766894206132557234964363840305648734929088422378
629288747223121903238528103409182430661894774072726552428489330447486145494207679904173944
716583828167141043583120679050191452732628737033997470720601688256282740427017032260672798
034347932642573009183981307771932245539476396060658821432660315614149074055769805516626304
444758375671151649018119344223685942415184379538933576543212994405485534515585927342456182
514681371472060628778102124092370802149229834963517952727030296297015692768651163505008040
728267425236264469571076976886613730278931360967438271901738550848466337347612084356798306
505955807293511063754424080735066708298723377976887493898358452309563899612061631863439196
711208646438464947096323007272920091258614726799976249670985276950353573392441620265772074
124868359220282898331114083392330243391779797699031142584361935093675448381119440881276338
808420445180491245438388418080094527562666805762895476338464130510775377324708249580453335
571748196502507081973046642282610569751056428979895118219288597635222905389894873761464213
9910911535864505818992696826225754111



Primality testing
Determining that n > 1 is a prime can be done quickly.

”PRIMES is in P”

AKS: Manindra Agrawal, Neeraj Kayal, and Nitin Saxena (2002)

If n fails the primality test, it is more difficult to factor it.

123018668453011775513049495838496272077285356959533
479219732245215172640050726365751874520219978646938
995647494277406384592519255732630345373154826850791
702612214291346167042921431160222124047927473779408
0665351419597459856902143413 = RSA-768 =

334780716989568987860441698482126908177047949837137
685689124313889828837938780022876147116525317430877
37814467999489
×
367460436667995904282446337996279526322791581643430
876426760322838157396665112792333734171433968102700
92798736308917



What do we mean by a solution of the cubic equation at the
prime number p?

y2 + y = x3 − x

(x , y) ≡ (3,1) is a solution at p = 11

There are finitely many solutions A(p) at each prime p.
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It is common to write

A(p) = p + 1− a(p)

We define the L-function of E by the infinite product

L(E , s) =
∏

p

(1− a(p)p−s + p1−2s)−1 =
∑

a(n)n−s

This definition only works in the region s > 3/2, where the
infinite product converges.
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If we formally set s = 1 in the product, we get∏
p

(1− a(p)p−1 + p−1)−1 =
∏

p

p/A(p)

If A(p) is large on average compared with p, this will approach
0. The larger A(p) is on average, the faster it will tend to 0.
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The conjecture of Birch and Swinnerton-Dyer

1. The function L(E , s) has a natural (analytic) continuation to
a neighborhood of s = 1.

2. The order of vanishing of L(E , s) at s = 1 is equal to the
rank of E .

3. The leading term in the Taylor expansion of L(E , s) at
s = 1 is given by certain arithmetic invariants of E .

L(E , s) = c(E)(s − 1)rank(E) + . . .



The most mysterious arithmetic invariant was studied by John
Tate and Igor Shafarevich, who conjectured that it is finite. Tate
called this invariant X.



The Birch and Swinnerton-Dyer Conjecture

L(E , s) = c(E)(s − 1)rank(E) + · · ·

c(E) =
ΩE · RegE ·#XE ·

∏
cp

#E(Q)2
tor

Each quantity on the right measures the size of an
abelian group attached to E .



Natural (analytic) continuation
The infinite sum

∑∞
n=0 xn converges when −1 < x < 1.
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=
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xn



The natural (analytic) continuation of L(E , s) =
∑

a(n)n−s was
obtained by Andrew Wiles and Richard Taylor (1995). They
proved that the function defined by the infinite series

F (τ) =
∑

a(n)e2πinτ

is a modular form.



Combining a limit formula I proved with Don Zagier (1983) with
work of Victor Kolyvagin (1986) we can now show the following.

If L(E ,1) 6= 0 the rank is zero, so there are finitely many
solutions.

If L(E ,1) = 0 and L′(E ,1) 6= 0 the rank is one, so there are
infinitely many solutions.

In both cases, we can also show that X is finite.



When the order of L(E , s) at s = 1 is greater than one we
cannot prove anything in general. . .

But the computer has been a great guide.

Here is a summary of the evidence for the simplest rank 2 curve

y(y + 1) = x(x − 1)(x + 2)

I the order of vanishing is equal to 2
I most primes up to 50,000 do not divide the order of X



The average rank
Manjul Bhargava has recently made progress on the study of
the average rank, for ALL cubic curves with rational coefficients.



Enumerating the curves

I Every such curve has a unique equation of the form
y2 = x3 + Ax + B where A and B are integers (not divisible
by p4 and p6, for any prime p).

I Define the height H(E) as the maximum of the positive
integers |A|3 and |B|2.

I For any positive real number X , there are only finitely many
curves with H(E) ≤ X .

I Call this number N(X ). It grows at the same rate as
(X )1/2(X )1/3 = X 5/6.



I Define the average rank by the limit as X →∞ of

1
N(X )

∑
H(E)≤X

rank(E)

I We suspect that this limit exists, and is equal to 1/2.

I In fact, we think that on average half the curves have rank
zero and half have rank one.

I Bhargava and Shankar have shown why there is an upper
bound on the limit, and have obtained a specific upper
bound which is less than 1.



Thank you



JMM ­­ SROYLQJ CXbLc ETXaWLRQV
 

 

 

 

SROYLQJ CXbLc ETXaWLRQV (JMM 2012 SKRUW CRXUVe)

WLOOLaP SWeLQ
TKLV ZRUNVKHHW DFFRPSDQLHV WKHVH VOLGHV.

 

       

 

       

P\WKaJRUeaQ WULSOeV
@interact
def _(t=(1/4,(1/16,1/8,..,1))):
    t0 = t
    x,y,t=var('x,y,t')
    show([x==(1­t^2)/(1+t^2), y==2*t/(1+t^2)])
    t = t0
    (x,y) = ((1­t^2)/(1+t^2), 2*t/(1+t^2))
    a = 1/3
    G = circle((0,0), 1, color='blue', thickness=3)
    G += arrow((­1­a,­t*a), (x+a,y+t*a), head=2, color='red')
    G += point((0,t), pointsize=150, color='black', zorder=100)
    G += point((­1,0), pointsize=150, color='black', zorder=100)
    G += point((x,y), pointsize=190, color='lightgreen', zorder=100)
    G += text("$(0, %s)$"%t, (­.3, t+.2), fontsize=16, color='black')
    G += text(r"$(%s,\,%s)$"%(x,y), (x+.35, y+.25), fontsize=16, color='black')
    G.show(aspect_ratio=1, ymin=­1.1, ymax=1.1, xmax=1.3, xmin=­1.3, fontsize=0, 
figsize=6) 

W  1/4

Z ;  
y
 f

t2+ 1

t2f 1
[  

2 t

t2+ 1

z



       

 

       

CXbLc eTXaWLRQV
var('x,y')
implicit_plot(x^3 + y^3 == 1, (x,­2,2), (y,­2,2), aspect_ratio=1, figsize=5, 
gridlines=True) 

       



var('x,y')
implicit_plot(y^2 + y == x^3 ­ x, (x,­2,3), (y,­4.5,4), aspect_ratio=1/2, 
figsize=5, gridlines=True) 

       

@interact
def _(equation='x^3 + y^3 == 1', 
      xmin=­2, xmax=2, ymin=­2, ymax=2, aspect_ratio=1, gridlines=True):
    x,y = var('x,y')
    eqn = sage_eval(equation, {'x':x, 'y':y`)
    print eqn
    G = implicit_plot(eqn, (x,xmin,xmax), (y,ymin,ymax), aspect_ratio=aspect_ratio, 
gridlines=gridlines)
    G.show(figsize=4) 

HTXDWLRQ  x^3 + y^3 == 1

[PLQ 



       

[PLQ  ­2
[PD[  2

\PLQ  ­2

\PD[  2

DVSHFW_UDWLR  1

JULGOLQHV 

x^3 + y^3 == 1

 

       

TKe GURXS LaZ
HRZ WKH ILJXUH LQ WKH VOLGH ZDV PDGH:

E = EllipticCurve([0,0,1,­1,0]); print E
G = E.plot(plot_points=600, thickness=2)
G += arrow((­2,1), (3,­4), head=2, color='red', width=2)
G += points([(­1,0), (0,­1), (2,­3)], color='black', pointsize=70, zorder=50)
G += text("$(2,­3)$", (1.3,­3.1), fontsize=18, color='black')
G += text("$(­1,0)$", (­.9,1), fontsize=18, color='black')
G += text("$(0,­1)$", (­.7,­1.85), fontsize=18, color='black')
G.show(gridlines=True, frame=True, aspect_ratio=1/2, xmax=3.1, xmin=­2, figsize=5) 

       

Elliptic Curve defined by y^2 + y = x^3 ­ x over Rational Field



E = EllipticCurve([0,0,1,­1,0])
P = E([­1,0]); Q = E([0,­1]); R = E([2,­3])
print P + Q + R
print ­(P+Q)
print 7*P 

       
(0 : 1 : 0)
(2 : ­3 : 1)
(1849037896/6941055969 : ­260151768440137/578280195945297 : 1)

for n in range(10):
    print n, n*P 

       

0 (0 : 1 : 0)
1 (­1 : 0 : 1)
2 (6 : ­15 : 1)
3 (­20/49 : 92/343 : 1)
4 (1357/841 : ­53277/24389 : 1)
5 (8385/98596 : ­2882165/30959144 : 1)
6 (12551561/13608721 : ­41922509264/50202571769 : 1)
7 (1849037896/6941055969 : ­260151768440137/578280195945297 : 1)
8 (4881674119706/5677664356225 :
­4590618167456560854/13528653463047586625 : 1)
9 (2786836257692691/16063784753682169 :
­1600059682932627475385835/2035972062206737347698803 : 1)

 

       

TKe RaQN
E = EllipticCurve([0,0,1,­1,0])
E.rank() 

        1

E.rank? 

File: /home/wstein/sage/sage­4.8.alpha5/local/lib/python2.6/site­packages/sage/schemes/elliptic_curves/ell_rational_field.py

T\pe: <type Ȍinstancemethodȍ>

Definition: E.rank(use_database=False, verbose=False, only_use_mwrank=True, algorithm=ȍmwrank_libȍ, proof=None)

Docstring:

Return the rank of this elliptic curve, assuming no conjectures.

If we fail to provably compute the rank, raises a RuntimeError exception.

INPUT:

use_database (bool) ­ (default: False), if True, try to look up the regulator in the Cremona database.
verbose ­ (default: None), if specified changes the verbosity of mwrank computations. algorithm ­
­ 'mwrank_shell' ­ call mwrank shell command
­ 'mwrank_lib' ­ call mwrank c library
only_use_mwrank ­ (default: True) if False try using analytic rank methods first.
proof ­ bool or None (default: None, see proof.elliptic_curve or sage.structure.proof). Note that results obtained from databases are
considered proof = True

OUTPUT:

rank (int) ­ the rank of the elliptic curve.



       

rank (int) ­ the rank of the elliptic curve.

IMPLEMENTATION: Uses L­functions, mwrank, and databases.

EXAMPLES:

Vage: EllipticCurve('11a').rank()
0
Vage: EllipticCurve('37a').rank()
1
Vage: EllipticCurve('389a').rank()
2
Vage: EllipticCurve('5077a').rank()
3
Vage: EllipticCurve([1, ­1, 0, ­79, 289]).rank()   # ThiV Zill XVe Whe defaXlW pUoof behaYioU of TUXe
4
Vage: EllipticCurve([0, 0, 1, ­79, 342]).rank(proof=False)
5
Vage: EllipticCurve([0, 0, 1, ­79, 342]).simon_two_descent()[0]
5

Examples with denominators in defining equations:

Vage: E = EllipticCurve([0, 0, 0, 0, ­675/4])
Vage: E.rank()
0
Vage: E = EllipticCurve([0, 0, 1/2, 0, ­1/5])
Vage: E.rank()
1
Vage: E.minimal_model().rank()
1

A large example where mwrank doesnȍt determine the result with certainty:

Vage: EllipticCurve([1,0,0,0,37455]).rank(proof=False)
0
Vage: EllipticCurve([1,0,0,0,37455]).rank(proof=True)
Traceback (click to the left of this block for traceback)
...
                                
                            

TU\ D Uandom cXUYe (if \oX WU\ a diffeUenW one iW coXld Wake a long Wime ­­ pUeVV "eVcape" ZiWh Whe cXUVoU in Whe bo[ Wo inWeUUXpW):

E = EllipticCurve([2012,3])
print E.rank()
print E.gens() 

        1
[(7753/19044 : 75356155/2628072 : 1)]

A IDPLO\

def F(a):
    return EllipticCurve([0,(a­1),1,­a,0])
    
for a in [0..20]:
    print a, F(a).rank() 

0 0
1 1
2 2
3 2
4 3
5 2
6 2
7 3
8 3



       

8 3
9 3
10 2
11 3
12 3
13 3
14 3
15 2
16 4
17 3
18 2
19 3
20 3

E[HUFLVH: FLQG WKH ILUVW   VXFK WKDW   KDV UDQN  .  RDQN  .

 

       

 

       

EONLHV CXUYH RI RDQN (DW OHDVW) 28

E = EllipticCurve([1,­1,1,­
20067762415575526585033208209338542750930230312178956502,
34481611795030556467032985690390720374855944359319180361266008296291939448732243429]) 

       

TKDW WKH ILUVW IHZ JRRG   DUH QHJDWLYH LV HYLGHQFH WKDW   KDV KLJK UDQN:

D = E.discriminant(); [p for p in primes(1000) if D%p==0] 

        [2, 3, 5, 7, 11, 13, 17, 19]

for p in primes(20,200):
    print E.ap(p), 

       
­9 ­10 ­8 ­11 ­10 ­12 ­12 ­9 ­12 ­15 ­16 ­16 ­15 ­13 ­18 ­16 ­13 ­6
­20 ­12 ­20 ­19 ­11 ­16 ­10 ­22 ­17 ­9 ­24 ­12 ­23 ­22 ­7 ­10 ­7 ­22
­22 ­25

E[eUcLVe: WKDW LV WKH VPDOOHVW JRRG SULPH   VXFK WKDW  ?

P = [E([­2124150091254381073292137463, 
259854492051899599030515511070780628911531]),
     E([2334509866034701756884754537, 18872004195494469180868316552803627931531]),
     E([­1671736054062369063879038663, 
251709377261144287808506947241319126049131]),
     E([2139130260139156666492982137, 36639509171439729202421459692941297527531]),
     E([1534706764467120723885477337, 85429585346017694289021032862781072799531]),
     E([­2731079487875677033341575063, 
262521815484332191641284072623902143387531]),
     E([2775726266844571649705458537, 12845755474014060248869487699082640369931]),
     E([1494385729327188957541833817, 88486605527733405986116494514049233411451]),
     E([1868438228620887358509065257, 59237403214437708712725140393059358589131]),
     E([2008945108825743774866542537, 47690677880125552882151750781541424711531]),
     E([2348360540918025169651632937, 17492930006200557857340332476448804363531]),
     E([­1472084007090481174470008663, 
246643450653503714199947441549759798469131]), 

     E([2924128607708061213363288937, 28350264431488878501488356474767375899531]),

a  F (a)  5  6 

a E(F ) p  p+1f# p E 

p  a  p > 0



     E([2924128607708061213363288937, 28350264431488878501488356474767375899531]),
     E([5374993891066061893293934537, 286188908427263386451175031916479893731531]),
     E([1709690768233354523334008557, 71898834974686089466159700529215980921631]),
     E([2450954011353593144072595187, 4445228173532634357049262550610714736531]),
     E([2969254709273559167464674937, 32766893075366270801333682543160469687531]), 
     E([2711914934941692601332882937, 2068436612778381698650413981506590613531]),
     E([20078586077996854528778328937, 
2779608541137806604656051725624624030091531]),
     E([2158082450240734774317810697, 34994373401964026809969662241800901254731]),
     E([2004645458247059022403224937, 48049329780704645522439866999888475467531]),
     E([2975749450947996264947091337, 33398989826075322320208934410104857869131]),
     E([­2102490467686285150147347863, 
259576391459875789571677393171687203227531]),
     E([311583179915063034902194537, 168104385229980603540109472915660153473931]),
     E([2773931008341865231443771817, 12632162834649921002414116273769275813451]), 
     E([2156581188143768409363461387, 35125092964022908897004150516375178087331]), 
     E([3866330499872412508815659137, 121197755655944226293036926715025847322531]),  
     E([2230868289773576023778678737, 28558760030597485663387020600768640028531])] 

       

P[0] + P[1] 

       

(3108017602820373171270912268547263377137814553518653/11465117276447\
98490358769 :
18025580906559265708455892541414967535765727849296537785384386612174\
56501493/1227630733053376047702643420235410103 : 1)

time E.regulator_of_points(P[:7]) 

        3.04313979267944e11
Time: CPU 3.18 s, Wall: 3.18 s

time E.regulator_of_points(P[:15]) 

        1.97964758730350e23
Time: CPU 15.72 s, Wall: 15.71 s

TKH IROORZLQJ WDNHV DERXW 60 VHFRQGV (RQ P\ ODSWRS), DQG VKRZV WKDW WKH 28 SRLQWV DUH LQGHSHQGHQW:

time E.regulator_of_points(P) 

       
Traceback (click to the left of this block for traceback)
...
__SAGE__

points([(x,y) for x,y,_ in P]) + plot(E, color='grey', xmax=2e28, ymin=­50) 

       



 

       

 

       

PULPeV
prime_range(50) 

        [2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47]

primes(50) 

        <generator object primes at 0x5c53d20>

for p in primes(50):
    print p, 

        2 3 5 7 11 13 17 19 23 29 31 37 41 43 47

@interact
def _(n=(20,30,..,2000)):
    prime_pi.plot(0, n).show(figsize=[12,3],gridlines=True) 

       

Q  20

time p = 2^43112609 ­ 1 

        Time: CPU 0.00 s, Wall: 0.01 s

IW WDNHV D ZKLOH WR FRPSXWH WKH VWULQJ UHSUHVHQWDWLRQ RI  .

time s_bigp = str(2^43112609 ­ 1)
len(s_bigp) 

Time: CPU 14.81 s, Wall: 15.02 s

p 



        Time: CPU 14.81 s, Wall: 15.02 s
12978189

@interact
def _(digits = (5,20,..,10000)):
    print "Showing %.5f percent of the digits"%(100*2.0*digits/len(s_bigp))
    print "p = " + s_bigp[:digits] + ' ... ' + s_bigp[­digits:] 

       

GLJLWV  5

Showing 0.00008 percent of the digits
p = 31647 ... 52511

 

       

E = EllipticCurve([0,0,1,­1,0]); E 

        Elliptic Curve defined by y^2 + y = x^3 ­ x over Rational Field

E23 = E.change_ring(GF(23)); E23 

        Elliptic Curve defined by y^2 + y = x^3 + 22*x over Finite Field of
size 23

E23.plot(pointsize=50, figsize=4, gridlines=True) 

       

E[eUcLVe: MDNH DQ LQWHUDFW WKDW KDV D VOLGHU OHWWLQJ \RX VHOHFW D SULPH, ZKLFK SORWV WKH JUDSK RI   PRGXOR WKDW SULPH.

 

       

 

       

TKe /­SeULeV
E = EllipticCurve([0,0,1,­1,0])
L = E.lseries(); L 

E 



L = E.lseries(); L 

        Complex L­series of the Elliptic Curve defined by y^2 + y = x^3 ­ x
over Rational Field

show(line([(x,L(x)) for x in [1.5,1.6, .., 8]]), figsize=[8,3], xmin=0, ymin=0) 

       

@interact
def _(E = ['y^2 + y = x^3 ­ x^2', 'y^2 + y = x^3 ­ x', 
            'a rank 4 curve', 'elkies rank>=28 curve', '2012'],
      B = (30..1000)):
    if E == 'y^2 + y = x^3 ­ x^2':
        E = EllipticCurve([0,­1,1,0,0])
        r = E.rank()
    elif E == 'y^2 + y = x^3 ­ x':
        E = EllipticCurve([0,0,1,­1,0])
        r = E.rank()
    elif E == 'a rank 4 curve':
        E = EllipticCurve([1, ­1, 0, ­79, 289])
        r = 4
    elif E == 'elkies rank>=28 curve':
        E = EllipticCurve([1,­1,1,
    ­20067762415575526585033208209338542750930230312178956502,
    
34481611795030556467032985690390720374855944359319180361266008296291939448732243429])

        r = ">=28"
    elif E == '2012':
        E = EllipticCurve([0,2012])
        r = "?"
                
    L_approx = 1
    print '%4s%6s%5s%9s%20s'%('p', 'A(p)', 'p/Ap', '  prod p/Ap', 'Rank = %s'%r)
    v = []
    t = ''
    for p in primes(B):
        if E.discriminant()%p:
            Ap = p+1­E.ap(p)
            L_approx *= float(p/Ap)
            t += '%4s%4s%8.3f%8.3f\n'%(p, Ap, float(p/Ap), L_approx)
            v.append((p, L_approx))
    (line(v) + points(v,color='black')).show(figsize=[8,2])

    print t 



    print t 

       

E  y^2 + y = x^3 ­ x^2   y^2 + y = x^3 ­ x   a rank 4 curve   elkies rank>=28 curve   2012

B  30

 

       

 

       

NaWXUaO (aQaO\WLc) cRQWLQXaWLRQ
var('x')
f = 1/(1­x)
plot(f, ­6, 2, figsize=[4,2], ymax=5, ymin=­5) 

       

f.taylor(x,0,5) 

        x^5 + x^4 + x^3 + x^2 + x + 1

 

       

 

       

TKe BLUcK aQd SZLQQeUWRQ­D\eU CRQMecWXUe:
A RaQN 1 CXUYe

E = EllipticCurve([0,0,1,­1,0])
L = E.lseries()
Lser = L.taylor_series(); Lser 

        0.305999773834052*z + 0.186547797268162*z^2 ­ 0.136791463097188*z^3
+ 0.0161066468496401*z^4 + 0.0185955175398802*z^5 + O(z^6)

c = Lser[1]; c 

        0.305999773834052

Omega_E = E.period_lattice().omega(); Omega_E 

        5.98691729246392

Reg_E = E.regulator(); Reg_E 

        0.0511114082399688

# this *uses* the formula; but we do know in this case that Sha_E=1.



# this *uses* the formula; but we do know in this case that Sha_E=1.
Sha_E = E.sha().an(); Sha_E 

        1

prod_cp = E.tamagawa_product_bsd(); prod_cp 

        1

T = E.torsion_order()^2; T 

        1

Omega_E * Reg_E * Sha_E * prod_cp / T^2 

        0.305999773834052

 

       

 

       

A RaQN 2 CXUYe
E = EllipticCurve([0,1,1,­2,0])
L = E.lseries()
Lser = L.taylor_series(); Lser 

       
­2.69129566562797e­23 + (1.52514901968783e­23)*z +
0.759316500288427*z^2 ­ 0.430302337583362*z^3 ­
0.193509313829981*z^4 + 0.459971558373642*z^5 + O(z^6)

E.rank() 

        2

II \RX VROYH IRU WKH RUGHU RI WKH SKDIDUHYLFK­TDWH JURXS LQ WKH FRQMHFWXUH:

E.sha().an() 

        1.00000000000000

S = E.sha(); S 

        Tate­Shafarevich group for the Elliptic Curve defined by y^2 + y =
x^3 + x^2 ­ 2*x over Rational Field

TKH IROORZLQJ SURYHV WKDW   GR QRW GLYLGH WKH RUGHU RI WKLV JURXS:

S.p_primary_bound(5) 

        0

S.p_primary_bound(7) 

        0

 

       

OSeQ PURbOeP: PURYH WKDW WKH SKDIDUHYLFK­TDWH JURXS RI   LV finiWe.

 

       

A RaQN 4 CXUYe
E = EllipticCurve([0,15,1,­16,0]); E 

p ;   5 7

E 



E = EllipticCurve([0,15,1,­16,0]); E 

        Elliptic Curve defined by y^2 + y = x^3 + 15*x^2 ­ 16*x over
Rational Field

E.rank() 

        4

E.gens() 

        [(­15 : 15 : 1), (­14 : 20 : 1), (­51/4 : 187/8 : 1), (22 : 132 :
1)]

L = E.lseries()
Lser = L.taylor_series(); Lser 

       
4.32638791417839e­24 + (­1.96674959799307e­23)*z +
(2.05660099586894e­22)*z^2 + (­7.97704812013524e­22)*z^3 +
10.8463853245874*z^4 ­ 49.3070071384507*z^5 + O(z^6)

 

       

OSeQ PURbOeP:  PUoYe WKDW   YDQLVKHV WR RUGHU   DW  . 

 

 

       

L(E; ) s 4  s   1



EllipWic CXUYeV oYeU Whe RaWional NXmbeUV
EllipWic cXUYeV oYeU  : CUeaWion

Given a vector $[a_1,a_2,a_3,a_4,a_6]$ of rationals, it is easy 
to create the elliptic curve with Weierstrass equation 
$$y^2+a_1xy+a_3y=x^3+a_2x^2+a_4x+a_6.$$ 

�������

E=EllipticCurve([0,­1,1,­10,­20]);
E 

�������

#Basic Invariants
print E.discriminant().factor(); 
print E.conductor(); 
print E.j_invariant().factor() 

�������
­1 * 11^5
11
­1 * 2^12 * 11^­5 * 31^3

plot(E) 

4 

[ 0Z 0 2+ [ = Z3f Z2f 1 f 2



�������

E;  EllipticCurve('11a') 

�������

EllipticCurve('11a'); EllipticCurve('101a'); 
EllipticCurve('1001a'); 

�������

E.an(103); #This is the coefficient of 103^{­s` in the L­series 
of E. 

�������

E103=E.base_extend(GF(103))
E103.order() 

�������

[ 0Z 0 2+ [ = Z3f Z2f 1 f 2
[ 0Z 0 2+ [ = Z3f Z2f 1 f 2

[ 0Z 0 2+ [ = Z3f Z2f 1 f 2
[  2+ [ = Z3+ Z2f Z f 1
[ 5881Z 78423 2+ [ = Z3f Z2f 1 + 7

f16 

120 



103+1­120 

�������

E.anlist(20) 

�������

E.modular_form() 

�������

#The Mordell­Weil group 

�������

The most interesting object attached to $E$ is the Mordell­Weil 
group $E(\mathbf{Q`)$.  This has a torsion part 
$E(\mathbf{Q`)_{\text{tors``$ and a free part $\mathbf{Z`^r$.   
First we'll discuss $E(\mathbf{Q`)_{\text{tors``$.  Computing 
$E(\mathbf{Q`)_{\text{tors``$ is generally done quickly using 
the Nagell­Lutz theorem. 

�������
Traceback (click to the left of this block for traceback)
...
SyntaxError: invalid syntax

E.torsion_subgroup() 

�������

E.torsion_points() 

�������

#To list elliptic curves with given torsion structure:
for Ell in cremona_curves(range(1,1000)):
    G = Ell.torsion_subgroup()
    if G.order() == 7:
        print Ell,G.0 

�������

Elliptic Curve defined by y^2 + x*y + y = x^3 ­ x^2 ­ 3*x + 3 over
Rational Field (1 : 0 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 ­ x + 137 over Rational
Field (2 : 11 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 + 159*x + 1737 over
Rational Field (6 : 51 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 ­ 141*x + 657 over
Rational Field (6 : 3 : 1)
Elliptic Curve defined by y^2 + x*y + y = x^3 ­ x^2 + 918*x + 5289
over Rational Field (­3 : 51 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 + 714*x ­ 82908 over
Rational Field (42 : 126 : 1)
Elliptic Curve defined by y^2 + x*y + y = x^3 ­ x^2 ­ 19353*x +
958713 over Rational Field (103 : 172 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 ­ 1661*x + 26097 over

f16 

0; ; 2; 1; ; ; ; 2; ; 2; 2; ; 2; ; ; 1; 4; 2; ; ;  [ 1 f f 2 1 2 f 0 f f 1 f 4 4 f f f 4 0 2]

q q q (q ) f 2 2f q3+ 2 4+ q5+O 6

=
5=

0  [( : 1 : 0) ; 5 6( : f : 1) ; 5( : 5 : 1) ; 16 61( : f : 1) ; 16 0( : 6 : 1)]



Rational Field (­14 : 223 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 ­ 101946*x + 12401892 over
Rational Field (204 : 222 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 ­ 5774401*x + 5346023177
over Rational Field (­436 : 88427 : 1)
Elliptic Curve defined by y^2 + x*y = x^3 + 2305*x ­ 15975 over
Rational Field (10 : 85 : 1)
Traceback (click to the left of this block for traceback)
...
__SAGE__

Sage has a built­in function to compute $E(\mathbb{Q`)$: 

�������

E.rank() 

�������

E37=EllipticCurve('37a');  E37 

�������

E37.rank() 

�������

E37.gens() 

�������

E389=EllipticCurve('389a'); E389 

�������

E389.gens() 

�������

E5077=EllipticCurve('5077a'); E5077 

�������

E5077.gens() 

�������

E389 

�������

E389.integral_points() 

�������

E389.S_integral_points([2]) 

�������

0 

[  2+ [ = Z3f Z

1 

0  [( : 0 : 1)]

[ Z 2+ [ = Z3+ Z2f 2

f1  [( : 1 : 1) ; 0( : 0 : 1)]

[ Z  2+ [ = Z3f 7 + 6

f2  [( : 3 : 1) ; f1( : 3 : 1) ; 0( : 2 : 1)]

[ Z 2+ [ = Z3+ Z2f 2

f2[( : 0 : 1) ; f1( : 1 : 1) ; 0( : 0 : 1) ; 1( : 0 : 1) ; 3( : 5 : 1) ; 4( : 8 : 1) ; 6 5( : 1 : 1) ; 39(



E389 

�������

#Elliptic Curves with Complex Multiplication 

�������

E=EllipticCurve([0,0,0,1,0]); E 

�������

E.has_cm() 

�������

E.cm_discriminant() #E has CM by Z[i] 

�������

f=E.division_polynomial(3); f 

�������

#The roots of this polynomial are the xcoordinates of all 2­
torsion points of E. 

�������

g=3^3*f(x/3); g 

�������

K=NumberField(x^2+1,'i'); K 

�������

L=K.extension(g,'z') 

�������

L 

�������

L.base_field() 

�������

L.relative_discriminant().factor() 

�������

L.galois_group() 

������� Galois group PARI group [8, 1, 4, "D_8(8)=[4]2"] of degree

$L$ is abelian over $K=\mathbb{Q`(i)$ and unramified outside of 
the primes above 2 and 3, in accord with the theory of CM 
elliptic curves. 

�������

[ Z 2+ [ = Z3+ Z2f 2

[  2 = Z3+ Z

TrXe 

f4 

3Z Z  4+ 6 2f 1

Z 8 Z 7 ( 2+ 1 ) 2f 2

Q[i]=(i ) 2+ 1

(Q[i]=(i ))[\]=(\ 8\ 7) 2+ 1 4+ 1 2f 2

Q[i]=(i ) 2+ 1

( i )  ( + 1) 4 g 3( )3



scatter_plot([(t,E.an(nth_prime(t))) for t in range(1,100)]) 

�������

E11=EllipticCurve('11a');
scatter_plot([(t,E11.an(nth_prime(t))) for t in range(1,100)]) 



�������

The Lang­Trotter conjecture:  if $E$ is non­CM, $K$ is an 
imaginary quadratic field and $\pi_E(x,K)$ is the number of 
primes below $x$ for which 
$\text{End`^0(E\otimes\mathbb{F`_p)=K$, then $\pi_E(x,K)\sim 
C\sqrt{x`/\log(x)$. 

�������

def LTcount(x,D,E):
    sum=0
    for p in prime_range(x):
        a = E.an(p)
        d = a^2 ­ 4*p
        if QQ(d/D).is_square():
            sum=sum+1
    return sum 

�������



def g4(x):
    return LTcount(x,­4,E11)*log(x)/sqrt(x)
def g5(x):
    return LTcount(x,­5,E11)*log(x)/sqrt(x)
def g7(x):
    return LTcount(x,­7,E11)*log(x)/sqrt(x) 

�������

plot([g4,g5,g7],(2,20000)) 

�������

A modular parametrization of a (modular) elliptic curve is a 
nonconstant holomorphic map 
$\phi\colon\Gamma_0(N)\backslash\mathcal{H`\to E(\mathbb{C`)$, 
where $N$ is the conductor of $E$. 

�������

E=EllipticCurve('11a') 



�������

phi=E.modular_parametrization() 

�������

X=phi.power_series()[0]; Y=phi.power_series()[1]; X; Y #q=exp(2 
pi i z) 

�������

z1=I/7;
z2=(2*z1­1)/(11*z1­5);
phi(z1); phi(z2) 

�������

def f(x):
    return phi(I*x)[0] 

�������

plot(f,(.01,.5)) 

q q q 1q 0q 2q 8q 2q 6q 1q1
q2 + q

2 + 4+ 5 + 8 2+ q3+ 7 4f 1 5+ 1 6f 1 7f 1 8f 2 9+ 2 10f 1 11

3 7q 6q 9q 7q 5q 6q 7q q 44qq3
f1 + q2

f3 + q
f7 f 1 f 1 f 2 2f 1 3f 3 4+ 1 5+ 1 6+ 6 7+ 6 8+ 1 9f

18:4384772424687 76:1607833071425 :00000000000000  ( : f : 1 )
18:4384772424687 :52001331151533 0 i 76:1607833071423 :62045724061421( + 2 h 1 f14 : f f 1



�������

phi(.001*I) 

�������

P=E(16,­61,1); P 

�������

E(0); P; 2*P; 3*P; 4*P; 5*P; 

�������

L=E.lseries() 

�������

16:0000000000000 60:9999999999999 :00000000000000  ( : f : 1 )

16 61  ( : f : 1)

0  ( : 1 : 0)
16 61  ( : f : 1)
5 6  ( : f : 1)
5  ( : 5 : 1)
16 0  ( : 6 : 1)
0  ( : 1 : 0)



Lambda=E.period_lattice() 

�������

Lambda.real_period()/5 

�������

L(1) 

�������

def f(x,y):
    return phi(x+I*y)[0].abs() 

�������

phi(2*I)[0].abs() 

�������

plot3d(lambda x, y: f(x,y), (­1,1),(.1,.2)) 

�������

 Get Image

#Heegner points
P=phi((2+sqrt(­7))/11) 

0:253841860855911 

0:253841860855911 

8:22268890922212 0  h 1 10



�������

P 

�������

b=P[0]; b 

�������

b.algdep(2) 

�������

_.discriminant().factor() 

�������

Pbar = phi((­2+sqrt(­7))/11); Pbar 

�������

K=QuadraticField(­7) 

�������

K(11).factor() 

�������

P=E.heegner_point(­7).point_exact(); P 

�������

a=P[0]; K=a.parent(); K 

�������

EK=E.base_extend(K) 

�������

Pbar=EK((1­a,­4*a)); Pbar 

�������

Q=P + Pbar; Q 

�������

Q.has_finite_order() 

�������

Hlist=E.heegner_discriminants_list(30); Hlist #A list of 
discriminants which satisfy the Heegner hypothesis with respect 
to E. 

�������

P=E.heegner_point(­35).point_exact(); P 

f5:50000000000000 2:4888861440490i 03:000000000000 4:9777722880980( f 2 : 1 + 4

f5:50000000000000 2:4888861440490i f 2

Z 1Z 36 2+ 1 + 5

f1 7  g 7 g 1 2

f5:49999999999998 2:4888861440490i 03:000000000000 4:9777722880981( + 2 : 1 f 4

f1 ) ) ( ) g (
p
f7f 2 g (

p
f7 + 2

a a  ( : 4 f 4 : 1)

Q[a]=(a ) 2f a+ 2

fa 4a  ( + 1 : f : 1)

16 61  ( : f : 1)

TrXe 

f7; 8; 19; 24; 35; 39; 40; 43; 51; 52; 68; 79; 83; 84; 87; 95;[ f f f f f f f f f f f f f f f f



�������

a=P[0]; H=a.parent(); H #It turns out that H is the Hilbert 
class field of Q(sqrt(­35)). 

�������

K=H.subfields()[1][0] 

�������

sigma=K.embeddings(H)[0] 

�������

Hrel=H.relativize(sigma(K.gens()[0]),'z') 

�������

Hrel.relative_discriminant() 

�������

a a a a  
f
: 1
201

3f 67
12 2+ 201

586 + 67
262 : 1

g
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