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Abstract

Let A be an abelian variety defined over a field K. We study finite
generation properties of the profinite group Gal(Kior(A)/K) and of
certain closed normal subgroups thereof, where Ko (A) is the torsion
field of A over K. In fact, we establish more general finite genera-
tion properties for monodromy groups attached to smooth projective
varieties via étale cohomology. We apply this in order to give an in-
dependent proof and generalizations of a recent result of Checcoli and
Dill about small exponent subfields of Ko, (A)/K in the number field
case. We also give an application of our finite generation results in
the realm of permanence principles for varieties with the weak Hilbert

property.

1 Introduction

For an abelian variety A over a field K we denote by K(Aio) the field
obtained from K by adjoining the coordinates of all torsion points in A(K).
We define Kior(A):=K(Ator) N Keep where Kgep is the separable closure of
K. For a number field k, we define kf = 1, ke, where ¢ runs over all prime
numbers and ky is the compositum of those finite abelian Galois extensions
of k that are unramified outside ¢ and of degree prime to ¢. For example, Qf
is the compositum of the fields @(exp(%)) for ¢ € I, by Kronecker-Weber
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theorem. The aim of this manuscript is to establish the following theorem
about finite generation properties of Galois groups of such torsion fields and
to give two applications thereof.

Theorem 1.1. (¢f. Theorem and Remark [.1) Let k be a field, K/k
a finitely generated field extension and AJ/K an abelian variety. Then the
following hold true.

(a) The profinite group Gal(RKior(A)/REK) is topologically finitely gener-
ated.

(b) If the absolute Galois group Gal(k) is topologically finitely generated
(e.g., when k is a finite or algebraically closed field), then Gal( Ko (A)/K)
is topologically finitely generated.

(c) If k is a local field, then Gal(Kior(A)/K) is topologically finitely gen-
erated.

(d) If k is a number field, then there exists a finite Galois extension k/k
such that Gal(kT Ko (A) /KT K) is topologically finitely generated.

Remark 1.2. If in the situation of Theorem K is a number field, then
the profinite group Gal(Kior(A)/K) is certainly not topologically finitely gen-
erated because Kior(A) contains all roots of unity and thus Gal(Kior(A)/K)
has an open mormal subgroup of 7% as a quotient.

Remark 1.3. We will in fact establish more general finite generation prop-
erties for monodromy groups attached to smooth projective varieties via étale
cohomology. We refer the reader to Section [3 for the results and do not go
into the technical details within the introduction.

For every field extension Q/K define &.(€2/K) to be the set of all interme-
tiate fields F' of /K such that F)/K is Galois and Gal(F/K) is a group
of exponent < e. Our first application of Theorem adresses a question
of Habegger mentioned in Section 4 of the recent preprint [6] of Checcoli
and Dill. There Checcoli and Dill estabished the following Theorem (cf. [6,
Theorem 1]):

Let K be a number field and A/ K an abelian variety and let e € N. There ex-
ists a finite extension M /K such that F' C My, for all F € &.(K(Aor)/K).

Based on Theorem we give an independent proof and generalization of
[0, Theorem 1] and results from [6l, Section 4] as follows.



Corollary 1.4. Let k be a field. Let K/k be a finitely generated field exten-
sion, A/K an abelian variety and e € N. If Gal(k) is topologically finitely
generated (e.g., when k is finite or algebraically closed) or if k is a local
field, then there exists a finite separable extension M/K such that F C M,
for all F € &.(Kior(A)/K).

Corollary 1.5. Let K/Q be a finitely generated field extension, A/K an
abelian variety and e € N. Then there exists a number field k and a finite
extension M/K such that F C kIM C M,, for all F € &,(Kor(A)/K).

Our second application of Theorem concerns permanence principles for
varieties that satisfy the weak Hilbert property. We shall give a new proof
and generalize [2, Theorem 1.7] considerably. Relations with a conjecture of
Zannier [26], Section 2] will be explained in Remark We refer the reader
to Section [{l for the details.

The strategy of proof for Theorem (a) is as follows. Omne can construct
an adelic Galois representation p : Gal(K) — [],cp GLag(Z,) such that
Ga(L) := p(Gal(L)) is isomorphic to Gal(LK(A)/L) for every extension
field L/ K. From [5] one gets that some open subgroup H of G 4 (FK) satisfies
the following technical condition (+4): For almost all ¢ € L the profinite
group pr,(H) (projection on {-th factor of the product) is generated by its
¢-Sylow subgroups. In Section [2] we prove that every closed subgroup of
[1ser, GL2g(Zy) satisfying condition (+) is topologically finitely generated.
This then accounts for the proof of parts (a) and (b) of Theorem and
the proof of Theorem [1.1{(d) is similar, relying on [21] instead of [5]. The
proof of Theorem [1.1|(d) in case |k| < oo is then straightforward. The proof
of Theorem [L.1|(c) (case where  is a local field) relies on Theorem [1.1f(a) and
the potential semistability from [4]. The corollaries follow from Theorem
by applying a seminal group theoretical result of Zelmanov [27] and Wilson
[25): Every periodic compact (Hausdorff) group is locally finite.
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Notation

Let L be the set of all rational prime numbers. For a field K let K be
an algebraic closure of K, Ky (resp. Kper) the separable (resp. perfect)
closure of K inside K, and Gal(K) = Gal(Ksp/K) the absolute Galois
group of K. We denote by K, the maximal abelian extension of K in
Kgep. A K-variety is a separated algebraic K-scheme which is geometrically
reduced and geometrically irreducible.

For a profinite group G and ¢ € L we let S (G) be the normal subgroup
topologically generated by the ¢-Sylow subgroups of G if ¢ is clear from the
context we simply write G* instead of S(G), following [23]. We define
exp(G) :=inf{n e N: ¢g" =1 for all g € G} € NU {oo} to be the exponent
of G. We let FSQ(G) (resp. JH(G)) be the class of all finite simple quotients
of G (resp. of all Jordan-Hélder factors of G). We let Lie; be the class of
all finite simple groups of Lie type in characteristic £. We let GLS)(ZE) be
the kernel of the natural surjection GL,(Z;) — GL,(F/).

2 Concepts from group theory

We recall some information about subgroups of GL,,(IFy). Of central impor-
tance is the following theorem of Larsen and Pink. We do not state it in its
most general form.

Theorem 2.1. (Larsen and Pink, cf. [19, Theorem 0.2]) Let n € N. There
exists a constant J'(n), depending only on n, such that for every £ € L and
every subgroup Tof GL,(F;) there are normal subgroups T >T1>To >3 of
T such that

(a) [T/T1| < J'(n),

(b) T1/To = Ly X - -+ x Ly is a finite product of groups L; € Liey,

(c) T9/T5 is abelian of order prime to { and

(d) T3 is an {-group.



Remark 2.2. The proof of [19, Theorem 0.2] in [19, p. 1155-1156] actually
gives more information. Let F := Fy and G/F the algebraic subgroup of

GLnF introduced in that proof. Let Z be the center of the reductive group
Grg = G°/Rad,(G°) and S = G}/ Z.

(a) The number s in Theorem(b) satisfies s < dim(S) < dim(GLy,)=

(b) The group T5/T3 in Theorem (c) is contained in the torus Z(TF).
Furthermore, as F is algebraically closed, Z = Gﬁl for some h € N
with h < dim(GLy,) =

Definition 2.3. For a profinite group T' we define d(T') to be the minimal
number d such that I' can be topologically generated by d elements, i.e., such
that I contains a dense subgroup that can be generated by d elements.

A lattice in Qf is a free Zy-submodule A of Qf such that the canonical
map A ®z, Q¢ — Q} is an isomorphism. We identify the group of Z-
automorphims GLa (Z¢) of A with the subgroup {f € GL,,(Qy) : f(A) = A}
of GL,(Qy) in the sequel.

Remark 2.4. Let T be a compact subgroup of GL,,(Qy). Then there exists
a lattice A in Q™ such that I' C GLA(Zy). In particular T' is isomorphic to
a closed subgroup of GLy,(Zy).

Lemma 2.5. For every n € N there exists a bound b(n), depending only
on n, such that for every { € 1L, every compact subgroup T' of GL,,(Qy) is
topologically finitely generated with d(I') < b(n).

Proof. By Remark we can assume that I' C GL,(Zy). The profinite
group P:=TnN GL,(l1 (Zy) is topologically finitely generated with d(P) < n?
(cf. [15, Prop. 8.1, Ex. 6.3], [22]). The group I := I'/P is isomorphic to a
subgroup of GL, (F;), hence Theorem applies to it. Let I'1, 'y and T's be
as in that theorem. Clearly d(I'/T;) < J'(n). The groups L; from Theorem
(b) can be generated by two elements (cf. [24], [16] §1]), and s < n? by
Remark [2.2] . . Hence d(T'1/T3) < 2n%. From Remark [2.2) . ) Ty/T3 is a
subgroup of (IFX) The Pontryagin dual of F* is pro-cyclic and I'y/T'3 is a
quotient of the Pontryagin dual of (F*)", hence d(T'2/T3) < h < n?. Finally
d(T3) < in? by [20, Theorem B. O

Corollary 2.6. Let ¢ € L and let T be a compact subgroup of GLy(Qp). If
¢>J(n) and T =TT, then FSQ(T) C {Z/¢} U Lie,.



Proof. By Remark we can assume that I' € GL,,(Zy). The group P :=
rn GLS)(Zg) is pro-f and T = I'/ P is isomorphic to a subgroup of GL,(FF,)
satisfying I = T". Hence the assertion is immediate from Theorem O

Theorem 2.7. (¢f. [1], [I8], [23, Théoréme 5]) If 5 < {1 < {3, then
Liegl N Lieg2 = 0.

Definition 2.8. Letn € N and L C L. Let G be a compact subgroup of
[Lier, GLn(Q¢) and pr, the projection on the L-th factor.

(a) We call G independent (resp. group theoretically independent) if G =

HZ€6 pry(Q) (resp. if FSQ(pr,, (G))NFSQ(pry, (G)) = 0 for all 1 # £y
m L).

(b) We say that G satisfies condition (+) if pry(G) = pr,(G)™ for all but
finitely many £ in L.

(c¢) We say that G satisfies condition (+) potentially if G has an open
subgroup H such that H satisfies condition (+)

Remark 2.9. If G is group theoretically independent, then G is independent
(cf. [23, Lemme 2]).

Lemma 2.10. Every group theoretically independent compact subgroup G
of [1ser, GL,(Qp) is topologically finitely generated.

Proof. Let b= b(n) be the constant from Lemma [2.5] For every ¢ € L there

exists a system (ggé), e gl(f)) of topological generators of pr,(G) by Lemma

Consider the g; = (g]@)eeL € [Iser Pre(G) and the closure H of the
subgroup (g1,-- -, gp) generated by the elements g;. Then pr,(G) = pr,(H)
for all £ € L. From this and our assumption on G we see that the groups G
and H are both group theoretically independent. It follows that G and H

are independent (cf. Remark , and thus G = H, as desired. O

Lemma 2.11. Let G be a compact subgroup of [[,c; GLn(Qe), Lo a finite

subset of L and pr : [l GLn(Qo) = [lsepr, GLn(Qe) the projection.
If pr(G) is topologically finitely generated, then G is topologically finitely
generated.

Proof. ker(pr)NG is isomorphic to a compact subgroup of the finite product
[Tser, GLn(Qe). It follows from Lemma that ker(pr) NG is topologically

6



finitely generated. The assertion is now immediate from the exact sequence
1 — ker(pr) NG — G — pr(G) — 1. O

Proposition 2.12. If a compact subgroup G of [ [,c; GLn(Qy) satisfies con-
dition (+), then it is topologically finitely generated.

Proof. Let Gy = pry(G). There exists a finite subset Ly of L such that
Gy = G; for all £ € L'\ Ly. We can furthermore assume that Ly contains
all rational primes < J'(n) and the primes 2 and 3. For all £ € L\ Ly we
have FSQ(G/) = Lie, U{Z/¢} by Corollary By Theorem 2.7 we see that
FSQ(G¢, )NFSQ(Gy,) = 0 for all ¢4, ¢y € L\ Lo with ¢1 # ¢5. Hence the image

pr(G) of G under the projection pr : []je; GLn(Qe) = Tlrepn 1, GLn(Qe) is
group theoretically independent. By Lemma the profinite group pr(G)
is topologically finitely generated, and this suffices by Lemma [2.11 O

For further use, we finally discuss in which circumstances propery (+) de-
scends to normal subgroups.

Definition 2.13. For a profinite group G define L¥¢(G) to be the set of all
¢ € L such that JH(G) N Liey # 0.

We note that LY¢(Q) is finite for example when |G| < oo or when G is
pro-solvable.

Lemma 2.14. Let G be a compact subgroup of [[,c; GLn(Qg) and N a
closed normal subgroup of G.

(a) If G satisfies condition (+) and LY°(G/N) is finite, then N satisfies
condition (+).

(b) If G satisfies condition (+) potentially, then there exists an open nor-
mal subgroup H of G such that H satisfies condition (+).

(c) If G satisfies condition (+) potentially and LY¢(G/N) is finite, then
N satisfies condition (+) potentially and is topologically finitely gen-
erated.

Proof. Assume througout that LY¢(G/N) is finite. Let Gy = pr,(G) and
Ny = pry(N). Assume G satisfies condition (+). Then, for all but finitely
many ¢, we have Gy = GZ and JH(Gy/N;) N Liey = 0, so that |21, Lemma



1.6] implies Ny = N,", whence N satisfies condition (+). This proves (a).
Now assume that G satisfies condition (4) potentially. Then there exists
an open subgroup Hy of G such that Hy satisfies condition (+). If we let
H = ﬂgEG g 'Hyg, then H is an open normal subgroup of G and satisfies
(+) by (a). Thus (b) holds true. Furthermore H/NNH is a normal subgroup
of G/N. Tt thus follows that LY¢(H/N N H) is finite, hence (a) implies that
that N N H satisfies condition (+). As N N H is open in N, it follows that
N satisfies condition (4) potentially. Lemma implies that N N H is
topologically finitely generated. As N N H is open in N, it follows that NV
is topologically finitely generated. This finishes up the proof of (c). O

3 Representations attached to cohomology

Throughout this section k is a field of characteristic p > 0, K/ a finitely
generated extension and L' = L\ {p}. Let X/K be a smooth projective
variety. Let ¢ € N, j € Z. For every { € L consider the f-adic étale
cohomology group V; = H'(X7,Qu(j)). Consider the representaion p; :
Gal(K) — GLy,(Qy). Let p : Gal(K) — [],c1, GLyv,(Q¢) be the homorphism
induced by the p,. For every field extension E/K there is a restriction map
rg/k : Gal(E) — Gal(K) and we define G(E) = p(rg,/x (Gal(E))).

Lemma 3.1. Let £ € I and let E/K be a separable algebraic field extension.
Let g; : Gal(K) — Q) be the cyclotomic character and let p, = py @ €y :
Gal(K) — GLy,(Qy). If E contains the (-th roots of unity and pe(Gal(E)) =
pe(Gal(E))™T, then p)(Gal(E)) = p)(Gal(E))*.

Proof. By Lemma [2.4] there exists a lattice T" in V; such that p,(Gal(K)) C
GL7(Zg). From e,(Gal(K)) C Z; we conclude that p}(Gal(K)) C GL7(Zy).
Let p : GLr(Zy) — GL7(Fy) be the projection and consider the residual
representations p, = po p; and p, = po pj. From p;(Gal(E)) = py(Gal(E))*
it follows that p,(Gal(E)) = p,(Gal(E))". This implies pj(Gal(E)) =
7y(Gal(E))™ because £,(Gal(E)) C 1+ (Z; by our assumption on E. From
this it follows that pj(Gal(E)) = pj(Gal(E))* because ker(p) is pro-f. [

There exists n € N such that dimg,(V;) = n for all £ € L’ by the Weil conjec-
tures (cf. [8, Thm. 1.6], [I3| Rem. 1.4]). We can thus choose isomorphisms
GLy,(Q¢) = GL,(Q) and apply results from Section

Proposition 3.2. (c¢f. [5, Theorem 7.5], [21, Theorem 3.1])



(a) The profinite group G(RK) satisfies condition (+) potentially.

(b) If k is a number field, then there exists a finite Galois extension k/k
such that G(kTK) satisfies condition (+) potentially.

Proof. Part (a) in case j = 0 is immediate from [5, Theorem 7.5]. As &
contains all roots of unity H'(Xz, Q) and H'(X%, Q¢(j)) are isomorphic
as Gal(RK)-modules. Thus part (a) follows in general.

From now on assume that x is a number field. Part (b) in case j = 0 is
established in [2I, Theorem 3.1]. By Lemma [3.1] part (b) follows in general.
U

Theorem 3.3. The profinite group G(RK) is topologically finitely gener-
ated. If Gal(k) is topologically finitely generated (e.g., when k is finite or
algebraically closed), then G(K) is topologically finitely generated.

Proof. By Proposition a) and Lemma ¢) the profinite group G(RK)
is topologically finitely generated. There exists an epimorphism

Gal(ksep K/ K) — G(K)/G(RK)

and the profinite group Gal(ksep//K) is isomorphic to an open subgroup of
Gal(k). Hence, if Gal(k) is topologically finitely generated, then G(K)/G(RK)
is topologically finitely generated and it follows that G(K) is finitely gener-
ated. O

Lemma 3.4. If k is a local field and K = k, then G(K) is topologically
finitely generated.

Proof. If K € {R,C} is an archimedian local field, then Gal(K) is finite
and thus the assertion is trivially satisfied by Theorem So assume that
K is a non-archimedian local field. Let ¢ be the residue characteristic of
the local field K. Let L = L'\ {¢}, p* : Gal(K) — [, GLy,(Qp) the
homomorphism induced by the p; for £ € L and G*(K) = p*(Gal(K)).
By Lemma it is enough to show that G*(K) is topologically finitely
generated. Let I C Gal(K) be the inertia group and P the maximal normal
pro-q subgroup of I. By the semistable reduction theorem [4, Prop. 6.3.2]
there exists an open subgroup J of I such that for every ¢ € L the action
of Jon H Z'(Xf, Qp) is unipotent. Furthermore H Z'(Xf, Qp) is isomorphic to
H' (X%, Q(5)) as a J-module because g¢(J) = {1}. It follows that the action



of J on H'(X, Q¢(4)) is unipotent. Thus p,(JNP) =0 for all £ € L. Hence
p*(P) is finite. As Gal(K)/I and I/P are topologically finitely generated,
it follows that G*(K) is topologically finitely generated, as desired. O

Theorem 3.5. If k is a local field, then G(K) is topologically finitely gen-
erated.

Proof. After replacing k by a finite extension (and replacing the rest accord-
ingly) we can assume that K/k is separable (cf. [1I, 4.6.7]) and primary.
Then there exists a geometrically connected smooth k-scheme S with func-
tion field K. By the usual spreading-out principles, after replacing S by
a non-empty open subscheme, we can assume that X extends to a smooth
projective S-scheme 2" such that f : 2" — S has geometrically connected
fibres and such that for every ¢ € L’ the sheaf R'f.Z(j) is lisse and of
formation compatible with any base change S" — S (cf. [13, Cor. 2.6]). In
particular py factors through m1(S). After replacing x by a finite separable
extension and replacing the rest accordingly we can assume that there ex-
ists a point s € S(k). Let o be the section of 71(S) — Gal(x) induced by s
(well-defined up to conjugation). There is a diagram

G(K)

Tp
1 —— m1(Sg) — m1(S) :G Gal(r) — 1
with exact row. Now p(m1(Sg)) = G(RK) is topologically finitely gen-
erated by Theorem By the base change compatibility the represen-
tation py o o of Gal(k) is isomorphic to the representation of Gal(k) on
HY( X5 Q(j)) where X5 = f~1(s). Hence p(c(Gal(k))) is topologically
finitely generated by Lemma From the diagram we see that G(K) =
p(m1(Sx)) - p(o(Gal(k))), hence G(K) is topologically finitely generated. [

Remark 3.6. If k is a finite extension of Qp, then Gal(k) is known to
be finitely generated (cf. [1], Theorem 3.4]). Hence Theorem in that
case follows directly from Theorem 3.3 If k is a finite extension of Fp((t)),
however, then Gal(k) is not finitely generated, and thus the arguments from
the proof of Theorem [3.5 are needed essentially in that case.

Theorem 3.7. If x is a number field, then there exists a finite Galois ex-
tension k/k with the following property: If Q/k'K is a Galois extension and
LYe(Gal(Q/kTK)) is finite, then G(R) is topologically finitely generated.
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Proof. Immediate from Proposition [3.2b) and Lemma c). O

4 Application to torsion fields of abelian varieties

Let K be a field of characteristic p > 0, L' = L\ {p}, A/K an abelian

variety and g = dim(A). For all £ € L (including the case £ = p) we consider

the Tate module Ty := @A[@j](F) of the Barsotti Tate group A[¢*°], put
JeN

Vi =Ty ®z, Q¢ and note that Ty is a free Zy-module with

e, () = dime, (AIORD) = { 2, (70

There is a natural action of Gal(Kper) E|0n Vp and a restriction isomorphism
Tipe /K Gal(Kper) — Gal(K), so we get a representaion p; : Gal(K) =
Gal(Kper) = GLy, (Qg). We consider the homomorphisms

p: Gal(K) = [ [ GLv,(Qe) and p* : Gal(K) — ] GLv,(Qe)
el Lell!

induced by the p,. For every field extension E/K there is a restriction map
re/k ¢+ Gal(E) — Gal(K) and we define Ga(E) = p(rg/x(Gal(E))) and
G4(E) = p"(rp/x (Gal(E))).

Remark 4.1. Let Ko (A) := K(Ator) N Keep and E/K a field extension.
The homomorphism p induces an isomorphism G4(E) = Gal(EKo(A)/E).

Theorem 4.2. Let k be a field, K/k a finitely generated extension and A/ K
an abelian variety.

(a) The profinite group G A(RK) is topologically finitely generated.

(b) If Gal(k) is topologically finitely generated (e.g., when k is algebraically
closed or finite), then G o(K) is topologically finitely generated.

(c) If k is a local field, then G Ao(K) is topologically finitely generated.

(d) If k is a number field, then there exists a finite Galois extension
k/k with the following property: If Q/kTK is a Galois extension and
LYe(Gal(Q/kTK)) is finite, then GA(Q) is topologically finitely gener-
ated.

1_For ¢ # p the passage to Kper s not necessary because then the finite group schemes
A[l’] are étale over K and A[’](K) = A[’](Ksep)-

11



Proof. For every ¢ € L\ {p} there is an Gal(K)-equivariant isomorphism
Vi(A) 2 H 1(AVF, Q¢(1)), where A is the dual abelian variety. Hence the
statements (a)-(d) with G4 replaced by G* are a consequence of Theorems

and Then Lemma implies that the statements (a)-(d) hold

true as they stand. O

Remark 4.3. In the situation of Theorem[{.4(d) it follows that G () is
topologically finitely generated for Q € {k'K, ka K, (kK )a,}. We introduced
the additional field  in part (d) because we need the flexibility in Section @

Proof of Theorem[I.1. This is an immediate consequence of Remark [£.T]and
Theorem ]

Proposition 4.4. Let A/K be an abelian variety over a field K and E/K
an algebraic extension. Let e € N. Assume that Ga(E) is topologically

finitely generated. There exists a finite separable extension M /K such that
F C EM for all F € &.(Kior/K).

Proof. Let Féfgx be the compositum of all fields in &, (Kior/K). Then
F, /K is Galois and Gal(FrEng /K) is periodic. Gal(EFéfgx /E) is a quotient
of G4(FE) and isomorphic to a subgroup of Gal(FIgfa)LX /K). Hence the profi-
nite group Gal(EFrEQX/ E) is topologically finitely generated and periodic.
By [27, Theorem 1] and [25, Corollary, p. 58] the group Gal(EFéfa)Lx/E) is
finite. It follows that [EFIQX : F] < 0o. Hence there exists a finite separa-

ble extension M /K such that Fggx C EM, and this extension M has the
desired property. O

Proof of Corollary[1.5 There exists a number field k¥ such that G A(KTK)
is topologically finitely generated by Theorem [4.2(d). By Proposition
applied with E = kK there exists a finite extension M/K such that F C
ETM for all F € &.(Kior/K). Replacing M by kM we get that kTM C
M. O

Proof of Corollary[14. From Theore[t.2(b) and (c) we conclude that G 4(K)
is topologically finitely generated in the situation under consideration. The
assertion now follows by Proposition [4.4] applied with £ = K. O
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5 Application to the weak Hilbert property

In this section we use exactly the same notation as the paper [2] and the
manuscript [3]. In particular, if X is a normal variety over a field K of
characteristic zero and W C X (K), then W is said to be strongly thin if
there exists a finite family (f; : Y; — X);=1.... s of finite ramified morphisms
and a proper closed subset C' of X such that each Y} is normal and connected
and such that W C C(K)UUi_, f;(Y;(K)). Furthermore X is said to have
the weak Hilbert property (WHP for short), if X (K) is not strongly thin.

We shall strenghten and give a new proof of [2, Theorem 1.7], avoiding the
original arguments from [2, Section 5]. The new proof is based on Theorem
[3, Corollary 4.3] and [2, Theorem 1.4], where [2, Theorem 1.4] in turn
relies on [7] and builds on techniques from [12].

Theorem 5.1. Let K be a number field and A/K a geometrically simple
abelian variety. Assume that tk(A(Q.pK)) = oo. Let B/K be an abelian
variety. Then A g,y has property WHP over K(Bior).

Proof. There exists a number field k£ such that, if we put £ = kK, the
profinite group G g(FE,p) is topologically finitely generated (cf. Theorem
and Remark . Let Koy = K(Bior). Clearly

GB(Eab) = Gal(KtorEab/Eab) = Gal(Ktor/Eab N Ktor)a

where the first equality follows by Remark so this group is topologically
finitely generated. Let F' = E,, N Kio;. Now FE/FE is an abelian Galois
extension, hence K’ := ENF is a finite extension of K such that Gal(F/K’)
is abelian. Furthermore, due to the existence of the Weil pairing on B,
the field Kior contains all roots of unity. It follows that Q., K C F. Thus
rk(A(F')) = co. The following diagram shows the fields constructed so far.

Eap Eap Kior
E FFE
K’ F Kior
7
K ——QupK



By [2, Theorem 1.4] it follows that Ap = (Ag+)r has WHP. From the finite
generation of Gal(Kio/F) and [3, Corollary 4.3] we obtain the assertion. [J

Corollary 5.2. (c¢f. [2, Theorem 1.7]) Let A/Q be an elliptic curve. Let
B/Q be an abelian variety. Then Agp,,,) has property WHP over Q(Byor)-

Proof. In that case A is obviously geometrically simple. Furthermore we
have rk(A(Qap)) = oo by [9, Lemma 2.1, Theorem 2.2]. The assertion now
follows by Theorem [5.1 O

Remark 5.3. Let us briefly explain the relation with the conjecture of Zan-
nier in [20, Section 2. Consider the situation of Theorem[5.1 with A = B.
Let T = A(K)or. Let f: X — A be a cover and assume X is geometrically
irreducible. Assume that X is not isomorphic to an abelian variety. Then f
is necessarily ramified and M = f(X(Kior)) is a strongly thin set. By The-
orem the complement of M in A(Kio) is Zariski dense. In particular
the complement of M NT in A(Kior) is Zariski dense. The conjecture would
predict the much stronger statement that M N'T is contained in a proper
closed subset, and this without assumptions on the rank. Nevertheless one
can see Theorem as a result providing at least some evidence for the
conjecture of Zannier.
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