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In this paper we prove the Geyer-Jarden conjecture on the torsion part of the Mordell-Weil group for a large
class of abelian varieties defined over finitely generated fields of arbitrary characteristic. The class consists of

all abelian varieties with big monodromy, i.e., such that the image of Galois representation on ¢-torsion points,
for almost all primes ¢, contains the full symplectic group.
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1 Introduction

Let A be a polarized abelian variety defined over a finitely generated field K. Denote by K (respectively, Kep)
the algebraic (resp., separable) closure of K. It is well known that the Mordell-Weil group A(K) is a finitely

generated Z-module. On the other hand A(IN( ) is a divisible group with an infinite torsion part A(K ) (o and

A(K ) has infinite rank, unless K is algebraic over a finite field. Hence, it is of fundamental interest to study the

structure of the groups A(2) for infinite algebraic extensions {2/ K smaller than K. For example, Ribet in [18] and
Zarhin in [24] considered the question of finiteness of A(Ka, )tor, Where K, is the maximal abelian extension
of K.

We denote by G := G(K.p/K) the absolute Galois group of K. For a positive integer e and for o =
(01,09,...,0.) in the group G = Gr XGg X --- XG, we denote by K, (o) the subfield in Ky, fixed by
01,09,...,0.. There exists a substantial literature on arithmetic properties of the fields K, (o). In particular,
the Mordell-Weil groups A(K.p,(c)) have been already studied, e.g., Larsen formulated a conjecture in [15] on
the rank of A(Kep, (o)) (cf. [12], [7] for results supporting the conjecture of Larsen).

In this paper we consider the torsion part of the groups A(Kep(c)). In order to recall the conjecture which is
mentioned in the title, we agree to say that a property A (o) holds for almost all o € G5, if A(o) holds for all
o € GY%, except for a set of measure zero with respect to the (unique) normalized Haar measure on the compact
group G5 . In [5] Geyer and Jarden proposed the following conjecture on the torsion part of A(Kep, (0)).

Conjecture of Geyer and Jarden Let K be a finitely generated field. Let A be an abelian variety defined
over K.

(a) For almost all ¢ € G there are infinitely many prime numbers ¢ such that the group A(Kep(0))[¢] of
{-division points is nonzero.

(b) Let e > 2. For almost all ¢ € G there are only finitely many prime numbers £ such that the group
A(Kgep, (0))[€] of £-division points is nonzero.
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It is known due to the work of Jacobson and Jarden [13] that for all e > 1, almost all 0 € G and all primes
¢ the group A(Kqcp(0))[€>°] is finite. This was formerly part (c) of the conjecture. Moreover the conjecture is
known for elliptic curves [5]. Part (b) holds true provided char(K) = 0 (see [13]). In a very recent preprint
Zywina proves part (a) in the special case where K is a number field (cf. [25]), stengthening results of Geyer and
Jarden [6].

As for today, for an abelian variety A of dimension > 2 defined over a finitely generated field of positive
characteristic, parts (a) and (b) of the Conjecture of Geyer and Jarden are open and part (a) is open over a finitely
generated transcendental extension of Q.

In this paper we prove the Conjecture of Geyer and Jarden for abelian varieties with big monodromy. To for-
mulate our main result we need some notation. Let £ # char(K) be a prime number. We denote by p41: Gx —
Aut(A[f]) the Galois representation attached to the action of Gy on the /-torsion points of A. We define
M (Alf]) == paj(Gr) and call this group the mod-{ monodromy group of A/K. We fix a polarization and
denote by e;: A[f] x A[f] — g the corresponding Weil pairing. Then M (A[¢]) is a subgroup of the group
of symplectic similitudes GSp(A[(], e;) of the Weil pairing. We will say that A/ K has big monodromy if there
exists a constant ¢y such that My (A[/]) contains the symplectic group Sp(A[{],e,), for every prime number
¢ > {4y. Note that the property of having big monodromy does not depend on the choice of the polarization, cf.
Proposition 3.6 below.

The main result of our paper is the following

Main Theorem [Cf. Thm. 4.1, Thm. 7.1.] Let K be a finitely generated field and A/K an abelian variety
with big monodromy. Then the Conjecture of Geyer and Jarden holds true for A/ K.

Surprisingly enough, the most difficult case to prove is Part (a) of the Conjecture for abelian varieties with big
monodromy, when char(K) > 0. The method of our proof relies in this case on the Borel-Cantelli Lemma of
measure theory and on a delicate counting argument in the group Sp,, (F¢) which was modeled after a construc-
tion of subsets S’(¢) in SL2 (F/) in Section 3 of the classical paper [5] of Geyer and Jarden.

It is interesting to combine the main theorem with existing computations of monodromy groups for certain
families of abelian varieties. We offer a result of this type in Corollary 7.2 below, thereby providing the reader
with many examples of abelian varieties for which the conjecture of Geyer and Jarden is true.

2 Notation and background material

In this section we fix notation and gather some background material on Galois representations that is important
for the rest of this paper.

If K is a field, then we denote by K., (resp. K ) the separable (resp. algebraic) closure of K and by G =
G(Ksep/K) its absolute Galois group. If G is a profinite (hence compact) group, then it has a unique normalized
Haar measure /i;. The expression “assertion .A(c) holds for almost all ¢ € G” means “assertion .A(c) holds true
for all o outside a zero set with respect to ;. A finitely generated field is by definition a field which is finitely
generated over its prime field. Let X be a scheme of finite type over a field K. For a geometric point P € X (K' )
we denote by K (P) C K the residue field at P.

For n € N coprime to char(K), we let A[n] be the group of n-torsion points in A(f( ) and define A[n>°] =
U=, Aln']. For a prime £ # char(K) we denote by T;(A) = lim A[¢] the -adic Tate module of A. Then A[n],

i€N
Aln®°] and Ty (A) are G -modules in a natural way.

If M is a Gk -module (for example M = p,, or M = A[n] where A/K is an abelian variety), then we shall

denote the corresponding representation of the Galois group Gi by

pu s G — Aut(M)

and define My (M) := pyr (G ). We define K (M) := K5 "") to be the fixed field in K., of the kernel of
pu - Then K(M)/K is a Galois extension and G(K(M)/K) = My (M). For every algebraic extension L/K
we define My (M) := pa (Gr).

Let R be a commutative ring with 1 (usually R = F, or R = Zy or R = Z/nZ) and M a finitely generated
free R-module equipped with an alternating bilinear pairing e: M x M — R’ into a free R-module R’ of rank 1

© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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(which is a multiplicatively written R-module in our setting below). We call such a pairing perfect provided the
associated map

M — Hom(M, R'), x> (y = e(z,y))
is bijective. We denote by
Sp(M,e) = {f € Autp(M)| Va,y € M : e(f(z), f(y)) = e(z,y)}
the corresponding symplectic group and by
GSp(M. €) = {f € Autp(M)| e € R* : Va,y € M : e(f(2), f()) = ee(w,y)}

the corresponding group of symplectic similitudes. Assume now that e is perfect. For f € GSp(M, e) there is
then even a unique value e(f) € R* such that e(f(z), f(y)) = e(f)e(z,y) for all z,y € M and we call £(f)
the multiplicator of f. The map

GSp(M,e) — R*, fr—e(f)

is a homomorphism (cf. [2, Chap. 9, Paragraph 6, no. 5, p. 99 ]) which is called the multiplicator map.
Let n be an integer coprime to char(K) and ¢ be a prime different from char(K). We define the G ;- -module
Zy(1) by

Zy(1) = lim ug; .
JEN
Let A/K be an abelian variety. We denote by AV the dual abelian variety and let e, : A[n] x AY[n] — pu,
and ep: TyA x Ty AV — 7Z,(1) be the corresponding Weil pairings (cf. [17, Chap. 16]). Choose a polarization
A: A — AY.(This is possible, cf. [3, Example 2.2, p. 8].) Consider the Weil pairings e : A[n] x A[n] — pu,
and € : TYA x TyA — Z(1) defined by €} = e, o (Id x ) and by e)c = e/ 0 (Id x Ty(N)). If £ does not
divide deg()\) and if n is coprime to deg()\), then ¢ and ez\m are perfect, alternating, Gk -equivariant pairings
(cf. [17, Chap. 16]). Hence we have representations

PAn] - Gk — GSp(A[TL],S;}),

PT A GK — GSP(TKAan{\OC),

and M (A[n]) = pap)(Gr) C GSp(An]),e)) and My (TyA) = pr,a(GL) C GSp(TiA, €)-) for ev-
ery algebraic extension L/K. The representations induce isomorphisms G(L(A[n])/L) = My (A[n]) and
G(L(A[¢*°]/L) =2 My (T, A). Note that M (T;A) — M (A[¢']) is surjective (because G(L(A[(*])/L) —
G(L(A[¢'])/L) is surjective) for every integer .

We shall say that an abelian variety (A, A) over a field K has big monodromy, if there is a constant ¢, >
max (char(K), deg(A)) such that M (A[¢]) D Sp(A[(],e}) for every prime number ¢ > £,. We will prove in
Proposition 3.6 that the property of having big monodromy is independent of the choice of the polarization.

3 Properties of abelian varieties with big monodromy

Let (A, \) be a polarized abelian variety with big monodromy over a finitely generated field K. Then it holds that
Sp(A[{], e}) € Mg (A[{]) for sufficiently large primes . In this section we determine M x (A[n]) completely
for every “sufficiently large” integer n. The main result (cf. Proposition 3.4 below) is due to Serre in the number
field case, and the general case requires only a slight adaption of Serre’s line of reasoning. However, as the final
outcome is somewhat different in positive characteristic, we do include the details. Proposition 3.4 will be crucial
for our results on the Conjecture of Geyer and Jarden.

Remark 3.1 Let K be a field and (A, \) a polarized abelian variety over K. Let n be an integer coprime to
deg(A).

www.mn-journal.com (© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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(a) If L/ K is a Galois extension, then M, (A[n]) is a normal subgroup of Mg (A[n]) and the quotient group
My (Aln])/ M (A[n]) is isomorphic to G(K (A[n]) N L/K).

(b) Define K, := K(A[n]) and denote by p 4, : G(K,,/K) — GSp (A[n], e}) (resp. Puin): G(K (pn)/ K) —
(Z/nZ)*)) the monomorphism induced by p4,) (resp. by the cyclotomic character p,, ). Recall that
e: GSp(A[n], e)) — (Z/nZ)* is the multiplicator map.
Then K (1) C Ky, Mg (., )(Aln]) C Sp(A[n], e)) and there is a commutative diagram

1 ——G(K, /K () G(K,/K) G(K(pn)/K) —=1

l PAn \L Pun l

3

1 —Sp(A[n],e)) — GSp(A[n],e)) —— (Z/nZ)* ——1

ren r n

with exact rows and injective vertical maps.

(¢) If Sp(A[n],ep) C im(papy)), then the left-hand vertical map is an isomorphism and My, (A[n]) =

r n

Sp(Aln], e;).

Proof. Part(a). If L/K is Galois, then G, is normal in G, and hence My, (A[n]) = p4(,)(G) is normal in
Mg (A[n]) = papn)(Gk ). The second isomorphism theorem implies that Mg (A[n])/ My (A[n]) is isomorphic
to the group G / ker (pajn)) - G = Gal(K(A[n]) N L/K).

Part (b). Denote by ¢ € y, a primitive n-th root of unity. Then there exist P, Q € A[n] suchthate) (P, Q) = ¢,
because e is a perfect pairing. For all ¢ € G, we have

a(Q) = o(en (P, Q)) = € (pan) (0)(P), papn) (0)(Q)) = en(P.Q) = ¢

by the G'x -equivariance of the Weil pairing. It follows that G, C G, and K (u,) C K,, = K(A[n]). We
have thus established the upper exact sequence. Furthermore, again by the G'x -equivariance of the Weil pairing,
we have

6;\7, (pA[n](0>(P)apA[n] (U)(Q)) = 0—(62 (P7 Q)) = 67)\7, (Pa Q)p“ﬂ (o)

for all P,@Q € A[n] and all 0 € Gg. This implies that the right rectangle in the diagram is commutative
and that My, )(A[n]) C Sp(A[n],e)). We define the right vertical arrow to be the restriction of An] (O
G(K, /K (u,)) to the kernel of the upper sequence. Then the left rectangle in the diagram is commutative by
construction. Finally the injectivity of the middle arrow implies that the left vertical arrow is injective.

Part (c). Assume that Sp(A[n], e))) C im(p4,)) and let f € Sp(A[n], e))). Then there exists o € G(K,, /K)

such that p, (o) = f. Thenp, (oK (un)) = (f) = 1, hence o|K (p,) = Id, because p,, is injective. Thus
o € Gg,,) and the assertion follows from that. O

Proposition 3.2 Let K be a field and (A, \) a polarized abelian variety over K with big monodromy. Let
L/K be an abelian Galois extension with L O . Then there is a constant £, > max(char(K), deg())) with
the following properties.

(@) Mp(TyA) = Sp(TgA7 e?x)for all primes £ > .

(b) Let c be the product of all prime numbers < ly. Then My (A[n]) = Sp(A[n],e}) for every integer n
which is coprime to c.

Proof. Part (a). There is a constant £y > max(char(K),deg()), 5) such that M (A[¢]) D Sp(A[(], e}) for
all primes ¢ > {j, because A has big monodromy. Let ¢ > £, be a prime. Then

Gal(K (A[0))/K (1e)) = M () (All) = Sp(A[d], €})

by Remark 3.1, part (c).
The group Sp(A[f],e}) is perfect, because ¢ > 5 (cf. [22, Thm. 8.7]). As L/K() is an abelian Ga-
lois extension, M (A[{]) is a normal subgroup of the perfect group My (,,)(A[f]) and the quotient group

© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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M () (A[€])/ M (A[f]) is isomorphic to a subquotient of G'(L/K) (cf. Remark 3.1, part a), hence abelian.
This implies that

M (A[f]) = Mu () (AlH]) = Sp(Alf], 7).

Denote by p: Sp(Ty A, €)~.) — Sp(A[{], ¢} ) the canonical projection. Then M, (T; A) is a closed subgroup of
Sp (T(gA, €)oo ) with

p(M(T;A)) = My (A[f]) = Sp(A[l], e}).

Hence M, (T; A) = Sp(Ti A, €)-.) (cf. [14, Prop. 2.6], [23, Thm. B]).
Part (b). Consider the map

p: GL - H ML(TgA) = H Sp(T(A,e?m)

>0, >0,

induced by the representations pr, 4 and denote by X := p(Gp) its image. Then X is a closed subgroup of
[1/>1, SP(T1A, €)). If pr, denotes the (-th projection of the product, then pr, (X) = Sp(T; 4, e ). Hence [21,
Section 7, Lemme 2] implies that X = [, Sp(Tv4, €} ), i.e. that p is surjective.

Let ¢ be the product of all prime numbers < ¢;. Let n be an integer coprime to ¢. Then n = [ (| prime ¢t for
certain integers vy > 1. The canonical map r: My (A[n]) — [, prime Mz (A[€"]) is injective. Consider the
diagram

GL H/\n ML (T(A) = Hé\n Sp(DAv 62\00)

| | |

M (A[n))—= Ty, Mo (Al )—T1,, Sp(A[¢"], e}, ).

The vertical maps are surjective. The horizontal map p’ is surjective as well, because p is surjective. This
implies, that the lower horizontal map

HHSp (7], e, )

ln

is in fact bijective. It follows from the Chinese Remainder Theorem that the canonical map

[Isp(Ale ], et ) — Sp(Alnl, )
ln

is bijective as well. Assertion (b) follows from that. O

Corollary 3.3 Let K be a field and (A, \) a polarized abelian variety over K with big monodromy. Then
there is a constant ¢ coprime to deg(\) and to char(K), if char(K) is positive, with the following property:
Mg (Aln]) O Sp(A[n], ep) for every integer n coprime to c.

Proof. Let L = K, be the maximal abelian extension. Then there is a constant ¢ as above, such that
M, (A[n]) = Sp(A[n], e}) for every n coprime to ¢ by Proposition 3.2. Furthermore M, (A[n]) C Mk (A[n])
by Remark 3.1, part (a). U

Let K be a field and (A, \) a polarized abelian variety over K with big monodromy. There is a constant ¢
(divisible by deg(\) and by char(K), if char(K) # 0) such that

SP(A[ L n) CMK( [ ]) CGSP( [ }7 7>\L)

www.mn-journal.com (© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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for all n € N coprime to ¢ (cf. Corollary 3.3). From the diagram in Remark 3.1 one sees that

My (Aln]) = {f € GSp(A[n],e;)) | e(f) € im(p,, )}

forall n € N coprime to c. If K is finitely generated, then one can determine im(p,,, ) and M (A[n]) completely.

Assume from now on that K is finitely generated. Then the image of the cyclotomic character involved above
has a well-known explicit description. Denote by F’ the algebraic closure of the prime field of K in K and define
q:=q(K) :=|F| € NU{oo}. Then, after possibly replacing c by a larger constant, we have

oy @ etz 20,
Prd =\ @nz)>,  char(K) =0,

for all n € N coprime to ¢ (cf. [16, Thm. 2.47(ii)]). Here (g) is the subgroup of (Z/nZ)* generated by the residue
class g of ¢ modulo n, provided q is finite. If ¢ is finite, then we define

GSp(*) (Aln], e)) = {f € GSp(A[n].e}) | e(f) € @)}

Finally we put GSp'>® (A[n], e)) = GSp(A[n], e; ). We have shown:

Proposition 3.4 Let K be a finitely generated field and (A, \) a polarized abelian variety over K with big
monodromy. Let ¢ = q(K). Then there is a constant ¢ (divisible by deg(\) and by char(K), if char(K) # 0)
such that M (A[n]) = GSp'?) (Aln], ep) for all n € N coprime to c.

We shall now prove that the notion of big monodromy does not depend on the choice of the polarization. For
this we need the following lemma.

Lemma 3.5 Let T be a finitely generated free Z,-module and e: T X T — Z; a perfect alternating bilinear
pairing. Then

{f €Endy, (T)| fog=go fVYgeSp(T,e)} =Z]Idr.

Proof. Let f € Endy, (T') and assume that f o g = g o f for all g € Sp(T, e). Note that for every u € T the
automorphism 7, : v — v+e(v, u)u liesin Sp(7, e) (cf. [8, Chap. 3, p. 23]). Then foT, (v) = f(v)+e(v,u)f(u)
and T, o f(v) = f(v) + e(f(v), u)u. It follows that

e(v,u)f(u) =e(f(v),w)u forall w,veT.

Now choose an arbitrary Z,-basis (u, . .., u,) of T. For every index i there is a vector v; such that e(v;, u;) = 1
and e(v;, u;) = 0 for all ¢ # j, because the pairing e is perfect. It follows that f(u;) = e(f(v;), u; )u; for all 4.
We put \; := e(f(v;),u;) such that f(u;) = \ju;.

For i # 1 we have e(vy,uy +u;) = 1, hence f(uy + u;) = e(f(v1),ur + u;) (w1 + u;). We put Ay ; =
€<f(’l)1), u; + u,) such that f(u1 + u,) = )\1,j (U1 + u,) Then on the one hand f(u1 + uj) = )\17‘7"&1 + )\17‘7"&]‘.
On the other hand f(u; + u;) = f(u1) + f(u;) = Aus + Aju;. This implies \; = A\;; = A;. Hence
f=XMIdr. O

Proposition 3.6 Ler K be a field and (A, \) a polarized non-zero abelian variety over K with big monodromy.

(a) End[( (A) = 7.
(b) For every other polarization X' : A — AV there exist a,b € Z such that a = b\ and Sp (A[n], e;\l) =
Sp(A[n], e?z/) for all n coprime to abchar(K).

Proof. Part (a). Fix one large enough prime number ¢ # char(K) such that Sp(T} 4, €)-.) C M (A[f)).
This is possible because A has big monodromy by Proposition 3.2. The canonical morphism

i: Endg (A) ® Zy — Endg, (Ty(A4))

© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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is injective and End (A) is a Z-algebra which is finitely generated and free as a Z-module (cf. [17, Lemma 11.2]).
The image im(%) is contained in

Ende} (T[A)GK = {f € Ende (TZA> | f © prA(0> = PT«A(U) © f Vo € GK}

(If K is finitely generated, then im(i) = Endgz, (T;A)“* by a famous theorem of Faltings, but we do not make
use of this deep theorem.) As pr, 4(Gx) D Sp(TyA, e} ), Lemma 3.5 implies Endyz, (T;A)¢% = Z,1d. It
follows that

I‘sz (EndK (A) (29 Zg) =1.

Because Endg (A) is finitely generated and free, this implies rkz(Endg (A)) = 1 and Endg (A) = Z.
Part (b). The polarization A\: A — AV is an isogeny. Hence there exists a polarization £: AV — A and the
homomorphism

j: Homg (A, AY) — End(A), fr—Eof

is injective. (If f € ker(j), then £ o f = 0, hence im(f) C ker(§), and this implies im(f) = 0 because
im(f) is connected and ker(f) is finite.) Hence Hompg (A, A") is a free Z-module of rank 1. As A\, N €
Homp (A, AY), we see that there are a,b € Z such that aX = b\'. Now let n € N be coprime to abchar(K).
Then ae) (P, Q) = be) (P, Q) for all P,Q € A[n]. Because the residue classes of a and b lie in (Z/nZ)*, this
implies Sp(A[n], e)) = Sp(A[n], e;\l,). O

4 Proof of the Conjecture of Geyer and Jarden, part (b)

Let (A, A) be a polarized abelian variety of dimension ¢ over a field K. In this section we will use the notation
K; := K(A[{]) and G; := G(K;/K) for every prime ¢ # char(K). Our main result in this section is the
following theorem.

Theorem 4.1 If (A, \) has big monodromy, then for all e > 2 and almost all 0 € G (in the sense of the
Haar measure) there are only finitely many primes € such that A(Ke,(0))[£] # 0.

The following Lemma 4.2 is due to Oskar Villareal (private communication). We thank him for his kind
permission to include it into our manuscript. This section in to a large extent inspired by an unpublished note of
him.

Lemma 4.2 Assume that A has big monodromy. Then there is a constant £y such that [K (P) : K]7' < [K, :
K]_i for all primes £ > £y and all P € A[(] \. {0}, where K (P) denotes the residue field of the point P.

Proof. By assumption on A, there is a constant {, such that Sp(A[(],e}) C M (A[f]) for all primes
£ > {y. Let £ > 4, be a prime and P € A[{] ~ {0}. Then the Fy-vector space generated inside A[¢] by the
orbit X := {f(P)| f € Mg (A[f])} is the whole of A[(], because A[(] is a simple F, [Sp(A[(], e} )|-module
(cf. [11, Satz 9.15, p. 221]). Thus we can choose an F,-basis (Pi, ..., Py,) of A[{] with P, = P in such a way
that each P, € X. Then each P, is conjugate to P under the action of Gk and [K(P) : K| = [K(P;) : K] for all
i. The field K is the composite field i, = K(P;) ... K(Pg). It follows that

(Ko : K] < [K(P)): K]...[K(Py): K] =[K(P): K]*.
The desired inequality follows from that. O

The following notation will be used in the sequel: For sequences (z,, ), and (y, ), of positive real numbers
we shall write x,, ~ y,, provided the sequence (;i ,, converges to a positive real number. If z,, ~ y, and
S @, < oo, then Y 7y, < oo

The proof of Theorem 4.1 will make heavy use of the following classical fact.

Lemma 4.3 (Borel-Cantelli, [4, 18.3.5].) Let (A1, As, . ..) be a sequence of measurable subsets of a profinite

group G. Let

A::ﬁ-

n=1i=n

A; = {x € G| z belongs to infinitely many A; }.

(@
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@ If 377, pa(Ai) < oo, then pg (A) = 0.
(®) If o0 ne(Ap) = oo and (A;)ien is a pu-independent sequence (i.e. for every finite set I C N we have
te (Nier Ai) = [ier na (Ai)), then pg (A) = 1.

Proof of Theorem4.1. Assume that A/K has big monodromy and let £, be a constant as in the definition
of the term “big monodromy”. We may assume that ¢, > char(K). Let e > 2 and define

Xi = {0 € G | A(Ksep(0))[f] # 0}

for every prime /. Let i be the normalized Haar measure on G% . Theorem 4.1 follows from Claim 1 below,
because Claim 1 together with the Borel-Cantelli Lemma 4.3 implies that

n u x

neN/{>n prime

has measure zero.
Claim 1. The series 3, ... W(X¢) converges.
Let ¢ > /4, be a prime number. Note that

Xo= U {0 €G% | 0i(P)=P foralli} = U G

PeA[f]~{0} PeA[f]~{0}

Let P(A[(]) = (A[{] ~ {0})/F be the projective space of lines in the Fy-vector space A[(]. It is a projective
space of dimension 2g — 1. For P € A[¢] \. {0} we denote by P := F, P the equivalence class of P in P(A[(]).
For P € P(A[{]) and P,, P, € P thereis ana & F, such that P, = aP, and P, = a1 Py, and this implies
K(P) = K(P,). It follows that we can write

Xo= |J Gy

PeP(A[L)

Hence

X< Y u(Gxpy) = Y, [KP): K]

PeP(A[]) PeP(A[(])

and Lemma 4.2 implies

—e e 629 —e
wXp) < > [Ke: K] = ——— (K K] J |G| ~¢/%
PeP(A[f])
But G/ contains Sp,, (IF) and
g
Sy = |Sp29 F[ H EZL
(cf. [22]). It is thus enough to prove tlle following
Claim 2. The series Dy~ brime /;:11 s;e/Qg converges.
But s, ~ P92 244429 _ p2¢°+g anq 42"%11 ~ £29-1 hence
29— 1 -
v s /2g g?g—lg—e(g+%) :£(2 e)g—(1+§) < g—
because e > 2. Claim 2 follows from that. O
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5 Special sets of symplectic matrices over [y

This section contains a construction of certain special sets of symplectic matrices (cf. Theorem 5 below) that will
play a crucial role in the proof of part (a) of the Conjecture of Geyer and Jarden.

Let R be a commutative ring (usually R = Z/nZ or R = Z, in our applications). For g > 2 we consider
the free R-module R?9 and denote by (e, ..., e2,) the standard basis of R?Y. We shall always identify a matrix
A € GLy, (R) with the corresponding automorphism = — Ax of R?9. Let

Ji
Ji
Jy = . € GLyy(R) where J; = (_01 (1)) .

Ji

Then there is a perfect alternating bilinear pairing e: R?¢ x R?Y — R defined by e(z,y) := '.J,y. This pairing
e is called the canonical symplectic pairing. Note that e(e;,e;41) = 1 = —e(e;11,¢€;) and e(e;,e;) = 0 for
all odd i and all j # i + 1. We define Sp,,(R) = Sp(R?’,e) and GSp,,(R) = GSp(R*,e) (cf. Section 1).
Recall from Section 2 that there is a homomorphism €: GSp,,(R) — R*, called the multiplicator map, such
that e(Ax, Ay) = e(A)e(x,y) for all z,y € R*9 and all A € GSp,,(R). For A € R* we define

GSpy, (R)[A] := {A € GSpy, (Z/nZ) | e(A) = A}.

Now consider the special case R = Z/nZ. If ¢ is a prime power coprime to n, then we denote by g its
residue class in (Z/nZ)* and by ord,, (¢) = |(q)| the order of g as element of the group (Z/nZ)*. Recall from
Section 3 that

GSps! (Z/nZ) = {A € GSpy, (Z/nZ)| &(A) € (@)}

and GSpY” (Z/nZ) = GSpy, (Z/nL).
For the rest of this section we specialize to the case R = F, and put V' := Fzg .Foru € V and 8 € [, consider
the automorphism

T.[0]: v — v+ Be(v,u)u
of V. Then T, [f3] is a transvection contained in Sp,, (F¢) and furthermore the map

(F(’,7+) I Sp2g(]F1f)a ﬂ — T, [ﬂ]

is a homomorphism.
We begin with two elementary lemmas that will be essential for Definition 5.3.

Lemma 5.1 Let { be a prime number. For each A € ¥, the matrices of GSp,, (F¢)[A] that fix the vector e,
are of the form

1/d|b b2 ...
O[A|{0 O ...

5.1)
B

with B = (b;;); j=1,...

29—2 € GSpQg_Q(Fg)[/\], d, dl,. R dgg_g € Fypand

g—1

bk = (de—lej,kt — d?ijj—l.k) S F(j fOl’ each k= 1, ey 2g — 2. (52)

> =

Jj=1
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Proof. Let A € GSp,,(IF;)[)] be such that Ae; = e;. Let us write the matrix of A with respect to the
symplectic basis {e1,ea,...,e25_1,€94}. For each k = 3,...,2g we have e(e;,e;,) = 0, so e(e1, Ae) = 0.
Therefore we can write the matrix A as
1/d by by ...
0|d |0 0 ...
0|d;

B

where in the second row we get all entries zero save the (2,2)-th. Moreover, since e(e;,e3) = 1, we get that
e(er, Aes) = e(Aey, Aes) = Xe(ey, e3) = A, that is to say, d = . Furthermore, we have that e(ey, e ) = 0 for
all k = 3,...,2¢g, hence e(Aes, Aei,) = 0. This gives rise to the Equations (5.2). Denote by e’ the canon-
ical symplectic pairing on Fgg_Q and by (ef,...,e5, ,) the standard basis of F?g_Q. Then e(Ae;, Aej) =
e'(Bej_y, Bej_,) for i,j > 3. Hence the fact that A€ GSpy, (F)[\] implies that B € GSpy,_,(F¢)[A].
This proves that the conditions in the lemma are necessary.

We prove that they are also sufficient. Let A be a matrix satisfying conditions (1) and (2) of the lemma. Then
Ae; = eq because the first column of A is e;. Furthermore e(Aej, Aes) = A = Ae(ey, e2) and e(Aeq, Aey) =
0 = Xe(Aey, Aey,) for all k > 3. For k > 3 we have

g—1
€(A€2,A6k) = *)\bk -+ Z (de—lej,k, — d2jb2j—1,k,) = 0 = )\6(62, ek)

j=1
because of the Equations (5.2). Finally
e(Ae;, Aej) = €/ (Bej_y, Bel_y) = X' (€] _y,€)_) = Ae(er, ;)

forall 3 < i < j, because B € GSp,, ,(F,)[)]. Altogether we see that e(Ae;, Aey.) = Ae(e;, e;) forall i < j
and this suffices to imply A € GSp,, (F¢)[A]. O

Lemma 5.2 The set of matrices in GSpy, (F¢)[\] that do not have the eigenvalue 1 has cardinality greater

than B(¢, g)}SpQQ_Q(]Fg) , where

-2
-1

Proof. The set of matrices A € GSp,, (IF;)[A] that fix the vector e; consists of matrices of the form (5.1),
where B belongs to GSp,,_, (Fe)[Al, d,di,...,dog—2 € Fpand by, ..., by,_o are given by the formula (5.2) of
Lemma 5.1. Therefore the cardinality of the set of such matrices is exactly

2971 GSpy,  (Fr)[A]| = 297 Spy, 5 (Fr)).

B, g) =971 (6% —1)

On the other hand, the symplectic group acts transitively on the set of cyclic subgroups of V' (cf. [11, p. 221,
Satz 9.15(a)]). Therefore if a matrix fixes any nonzero vector, it can be conjugated to one of the above. Hence,
to obtain an upper bound for the number of matrices with eigenvalue 1 one has to multiply the previous number

by the number of cyclic groups of V', namely /';g:ll . Therefore the set of matrices in GSp,, (IF¢)[)] that have the

eigenvalue 1 has cardinality less than ¢29~1 % ‘ Spay_o (Fr) ‘ Hence the number of matrices in GSp,, (F¢)[A]

that do not have the eigenvalue 1 is greater than |Sp29 (Fe)| — 2971 Z;J__ll |Sp2972 (Fo)|.
Now apply the well known identity (see for instance the proof of [11, p. 220, Satz 13(b)])

P2 (Fo)| = (€27 = 1) [Spyy 5 (Fy)] (5.3)

We thus see that the set of matrices in GSp,, (IF¢)[A] that do not have the eigenvalue 1 has cardinality greater

than 3(¢, g)|Spy, 5 (F¢)|. O
For oo = (a3, ..., 94) € F?”_Q We put u, 1= ez + azez + - -+ + qggeay.
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Definition 5.3 For each A € I/ choose once and for all a subset By of matrices B € GSp,,_, (F/)[A] which
do not have the eigenvalue 1, with

|B/\| = ﬂ(& g9— 1)‘Sp2g—4(Ff)|
(which can be done by Lemma 5.2). Define

Sx(€)o := { A of the shape (5.1) in Lemma 5.1 such that:

B € B,,
dl,...,dz,/_g e Fy,
deFy~{=(bi,...,boy 5)Id = B)™" (di, ..., dyys)"}

and such that (2) is satisﬁed},
S\() := {Tun B AT, [0]:az,...,a9,,B€F,AcC SA(K)O}.
Let g be a power of a prime p # £. Define

ordyq

SOy = Sy 0.
i=1

Define also

Sy = | Si@).

NEF)

Remark 5.4 The sets S(9)(¢) and S(°°) (¢) are not empty. Note moreover that each of the matrices in S(%) (¢)
and S(°)(¢) fixes an element of V.

Proof. Let A € F/. The set S) (£) is non-empty, because B, # 0, and every A € S (¢), satisfies Ae; = e;.
Furthermore Sy (¢)y C Sy (€) as T, [0] = Id for all v € V. In particular S) (¢) is non-empty. Each matrix in S (£)
is conjugate to a matrix in S) (¢)o and hence fixes an element of V. The assertion follows from that. O

6 Special sets of symplectic matrices over Z/nZ

This section is devoted to the proof of the following result.
Theorem 6.1 The following properties hold:

(1) Let q be a power of a prime number or ¢ = co. Then

Z |S(q>(g)’ \

| GSpY) (Fo)|

In the first case { runs through all prime numbers coprime to q and in the second case through all prime
numbers.

(2) Let q be a power of a prime number p or ¢ = oo. Let {1, ..., L, be distinct prime numbers. If ¢ # oo
assume that the {;’s are different from p. Letn = {1 ... {,. Then

|5(q>(n)‘ B r |5<q)(gj)|

(GSpyy (Z/nZ)| 5 |GSpy) (B,

where S (n) C GSp,, (Z/nZ) is the set of matrices that belong to S (¢;) modulo ¢;, for all j =
1,...,m
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First we will prove part (1) of Theorem 6.1. We need a series of lemmata.
We can compute the cardinality of S (¢)y explicitly.

Lemma 6.2 It holds that
1S\ (€)o| = £*972(£ = 1)B(L, g — 1)|Spy, 4 (Fr)|.

Proof. In the definition of the set S (¢), there are |[B)| = (¢, g — 1)|Sp2g_4(F5)| possible choices of B,
%92 possible choices of dy, ..., dy,—o € F; and £ — 1 possible choices of d. O

Lemma 6.3 Let A € S)(0)g and x € V. Then Ax = z if and only if x € Fye;.
Proof. We have Ae; = ey because the first column of A is e;. Suppose Az = x. It suffices to show that

. . t t
x € Fye;. Consider the system of equations A(x1,...,@25) = (@1,...,%24) over Fy. Assume first that we
have a solution with x5 = 0. Then the last 2g — 2 equations boil down to

t t
B($3,...,$29) = (xg,.‘.,xgg) .
But since B does not have the eigenvalue 1, it follows that x3 = - - - = x2, = 0, hence x belongs to the subspace
Fye; of V generated by e;.
Assume now that we have a solution (x1,...,,) withzy # 0. Since 1 is not an eigenvalue of B, the matrix

Id — B is invertible, and we can write the last 2g — 2 equations as

t

(1’3/1’2, e ,:L'Qg/l’g)t = (Id — B)il (dl, N ,dzg_g) .
On the other hand, the first equation reads
d= —(b1, RN ,bgg_2)<x3/x2, [N ,l‘gg/xg)t.

Hence

d=—(br,...,boy o) (1d — B)" (du, ..., dsg )"

But we have precisely asked that d does not satisfy such an equation, cf. Definition 5.3. U

Lemma 6.4 Let as, ..., 004, 03,...,00 € Fyand (3, 5 € F,. Assume that T, [8]T,, [5] - (e1) = Aey for
some A € F). Then T, (5] =T,, [5] and 3 = (3. Furthermore, if B#£0, then u, = ug.

Proof. We have
T, [B](v) = v+ Be(v,ea + azes + - + aggezy) (€2 + azez + - -+ + azgeay)
In particular,

T, [0](e1) = e1 + Bex + Pages + - - - + Paggea,,
T;ln/ [ﬂ}(eQ) = €3,

29

T, [B)(ex) = ex + Barsrer + Bagi1 Y _aje; for k>3, kodd,
j=3
29

T.. [Bl(ex) = ex — Bay—1e2 — Bay, —1 Z aje; for k>3, keven.
j=3
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Hence

T, 18T, (8] (1) = 0., [9] ( —fBes =B akek>
k=3

= e + fey + Pagez + -+ - + Baggeny

*§€2
29
—52041« er + Borires + Bagi1 Y aje;
o 7=
29
—ﬁzak er — Pok_1es — Bag_1 Y _ aje;
- =

k even
= e + fey + Pagez + -+ + Baggeny
— Pey
29

~B) _aje;
j=3

k odd k even

—5/6’20@ Zak+1ak—zak 1a; | €.

k odd k even

. 51 —1 . . A .

Therefore, if T,,, [3]T.. [ﬁ] (e1) is a multiple of ey, it is necessarily equal to e; and moreover we have that

the coefficients of the other e; vanish, so we get the following system of equations: the equation corresponding
to es

2g 2g
B—08-088 Zak+1&k_ Z ap_10; | =0, (6.1)
K odd ¥ own
and, for each j = 3, ..., 2g, the equation corresponding to e;
" _ 29 29
Ba; — Bay — BBa; Zaml&k - Z ag_10y | =0. (6.2)
k odd k cv(‘:n
A - . .
If3=0,thenT,, [#] =1dand T, [5]T., [ﬁ] (e1) =Ty, [—ﬁ]( )=-¢€ — Bes — Béages — - - - — Béggesy,

el
and since this must be equal to Ae;, we conclude that B =0,and T, [B] = Id. Similarly if ﬂN =0,then 3 =0
and T, [§] =1d =T, [6].
Assume now that 8 # 0, 3 # 0. From Equation (6.1) we obtain that

2g 2g

p-p
Qg 10 — ap_1ag | = =3
2wt 2 7
I. udd k even
substituting this in Equation (6.2) we get that o;; = ¢;, and once we have this for all j = 3,...,2g, it follows
from Equation (6.1) that § = 5. O
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Lemma 6.5 Let A, A € S¢(X)o. Assume that there exist ag, ..., Q0q,Q3,...,02 € Fyand (3, B € Fy such
that T, (8] - AT, (8] = T, [B] " - A-T,. [3]. Then A= Aand 8 = B.If B # 0, then o, = @& for all
1> 3.

Proof. Since A = Tu. [E]Tu" B~1-A-T,, [B)T.. [E] ! fixes e1, we see that A fixes T, [8]T,. [m 7161.

Lemma 6.3 implies T, [3]T,. [m_lel = Xe; for some A € F). The assertion follows from that by
Lemma 6.4. O

Next we can compute the cardinality of S (¢) in terms of | S (£)o].
Lemma 6.6 |S) (€)] = (2972(¢ — 1) + 1)|Sx(£)o]-

Proof. For A € S\ (), we define
Ca ={T., [BJAT,, [8]7" : 05,... 029, B € Fr}.

Lemma 6.5 implies that [Cy| = £2972(¢ — 1) + 1 and that Cy N Cys» = () for A # A" in S (£). Furthermore
S3(0) = Uaes, (1), Cas cf. Definition 5.3. Thus [S) (€)| = (€*972(€ — 1) + 1)[Sx (£)o]- O

Lemma 6.7

(1) Let q be a power of a prime number p, and let n be a squarefree natural number such that p { n. The
cardinality ofGSp(Qlf]) (Z/nZ) equals ord, (q) - Ty, [Spay (Fe)l-

(2) Let ¢q = oo, and let n be a squarefree natural number. The cardinality of GSp(Qi> (Z/nZ) equals
Hf|n (6 - 1)‘Sp2g(Fl)|

Proof. By the Chinese Remainder Theorem [Sp(Z/nZ)| = [, |Sp(Z/¢Z)|. Furthermore the multiplicator
map ¢: GSp,, (Z/nZ) — (Z/nZ)* is an epimorphism with kernel Sp,,(Z/nZ). Thus

|GSpyo?(Z/nZ)| = |GSpy, (Z/nZ)| = |Sp(Z/nZ)||(Z/nL)*|.

Furthermore |(Z/nZ)*| = [],,, (¢ — 1). Hence (2) holds true.

Now let ¢ be a prime power which is coprime to n. It follows from the definitions that GSpgz) (Z/nZ) =
e~ 1((g)). Thus

|GSpy) (Z/nZ)| = (@) kex(e)| = |(@)[Spoy (Z/nZ)|.
This implies (1) because ord,, (¢) = [(g)|- O

Proof of Theorem 6.1(1). Let g be a power of a prime p or ¢ = oo, and let £ be a prime. In the first case,
let us also assume ¢ # p. In the first case define G = (g) C F;‘; then |G| = ord,(g). In the second case define

|G| =F[; then |G| = (¢ — 1). In both cases ’GSpé(;) (F¢)| = |G||Spy, (F¢)| by Lemma 6.7. Furthermore
o2y (FD)] = (£ = 1)1 |8y, 5 (F)| = (£9 = 1)1 (972 — 1), ().
(cf. the identity (3) in the proof of Lemma 5.2). Thus
|GSpSY) ()| = |G (€2 — 1)¢2071 (2972 — 1) 62073 |Sp,, ,(Fy)| (1)
Furthermore S'?) () = |, . S (¢) and hence
S @0)] = IG5\ (0)] = |G| (272 (€ = 1) + 1) [Sx(0)o
by Lemma 6.6. Recall from Lemma 6.2 that

1S3 (0)o] = L2972 (L = 1)B(L, g — 1)|Spy, 4 (Fr)|.
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It follows that
|SW(0)] = |G(F*972( — 1) + 1) 972 (€ = 1)B(¢, g — 1)[Spa, 4 (Fe)|  (2)

Dividing Equation (1) by Equation (2) we obtain

|5 () _(@Pe-n+ )Pt -1ptg -1 1
T CE Rl G
and the sum -, oo ¢ diverges. O

For the rest of the section, ¢ will be a power of a prime p.
For each squarefree n not divisible by p and each i = 1,...,0rd, (¢), define the set S, (n) := {A €

S@(n)| e(A) = ¢' modulo n}.
Lemma 6.8 Let g be a power of a prime number p. Let {1, . .., £, be distinct primes which are different from
p, and considern =1t - - - - ly. Leti € {1,...,0ord,(q)}. Then there is a bijection

Sgi(n) = Syi(€r) x -+ xS, (£,).
Proof. Consider the canonical projection

7Sy (n) — Sy (f1) x -+ x Sy (4)
Ar— (A mod {4,...,A mod /).

This is clearly an injective map. Now we want to prove surjectivity. For each j, take some matrix B; € S, (f )
By the Chinese Remainder Theorem, there exists A € GSp,,(Z/nZ) such that A projects onto B for each
j. Note that in particular A € S(@) (n). Since £(A) is congruent to £(B;) = ¢' modulo ¢; for all j, we get that
£(A) = ¢’ modulo n. Therefore A € Si (n). O

Proof of Theorem 6.1(2).
Case q # oo: On the one hand, since the cardinality of |S,: (¢)| does not depend on i (cf. Lemmas 6.6 and
6.2), we obtain

S (¢ ordy(
Mooy~ Mot er -1

Ln ’GSpZ{/ (]F[)‘ ln OI‘dg ’SpQ‘J n ‘ pZ(/ )’

(1).

On the other hand, taking into account again that | S,: (¢)| is independent of 4, Lemma 6.7, and that | S, (n)| =
L | Sy (£)] by Lemma 6.8, we get

SO s, ) S (I ISk @)
|GSp<2{§) (Z/HZ)| OI‘dn( H(’|n !Sp2g F4)| Ol"dn q HHn ‘Sp2g 5)’

sorda (g (H(’|n S, (¢ ]) ord, (¢) (H/|n |54 (¢ ‘)
)

B Ordn Hf‘n ’SPQQ f)‘ B Ord?l (q H/ln |Sp29 ]FZ ’

[54(0)]
|Sp2g Ff)! @

Ln

Our assertion follows comparing the right-hand sides of (1) and (2).
Case ¢ = oo: By the Chinese Remainder Theorem, there is a canonical isomorphism

c: GSpy(z/nz) = [ | GSp) (2/4:2)

i=1
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and
5(00)(”) - 0*1(5(00)(61) X oo x §e0) (gr))
by the definition of S(°°) (n). It follows that

|5V (n)| T 8]

=11

(c0) () =
’GSPZg (Z/”Z)’ i=1 |GSp29 (Z/&Z)’

Remark 6.9 In the definition of the set S, (£)o (cf. Definition 5.3), we choose a subset B, of matrices in
GSpy, 5 (F()[g'] without the eigenvalue 1, which is large enough to ensure that part (1) of Theorem 6.1 holds.
For a concrete value of g, one can choose such set more explicitly. For instance, when g = 2, instead of Bql one
can consider the set

bii b i - i
Bl = {(béi b;i) b1y €Fp, byg €FoN{1l—bi1+q},big €F)S, byy = blé (bribao — g )}

of (¢ — 1)? matrices, which can also be used to prove the second part of Theorem 6.1 in the case of the group
GSpy (o).

7 Proof of the Conjecture of Geyer and Jarden, part (a)

Theorem 7.1 Let (A, \) be a polarized abelian variety over a finitely generated field K. Assume that
A/K has big monodromy. Then for almost all 0 € Gy there are infinitely many prime numbers £ such that

A(Koep (0))[1] # 0.

Proof. Let p := char(K). Let G = Gk and g := dim(A). Denote by ej3 (resp. e2*") the canonical
symplectic pairing on T;(A) (resp. A[n]), cf. the beginning of Section 5. Recall from Section 2 that we have fur-
thermore the Weil pairing e« (resp. e; ) on Ty (A) (resp. on A[n]). We fix once and for all for every prime number
0 # p, £ > deg()) a symplectic basis of (77(A), eps ) (cf. [2, Chap. 9, paragraph 5, no. 1, Thm. 1, p. 79]). This
defines an isometry (77(A), ) ) = (Z¢, €§32), from which we obtain an isometry (A[¢'],¢),) = (A[¢'], e5™)
for every 4. Finally, by the Chinese remainder theorem, we obtain an isometry (A[n], e})) = ((Z/nZ)>9,et™)
for every n which is coprime to p and to deg(\). We get an isomorphism GSp(A[n], e}) = GSp, ,(Z/nZ) for
every such n, and we consider the representations

pn: G — GSpy, (Z/nZ)

attached to A/K after these choices. If m is a divisor of n, then we denote by 7, ,, : GSp,,(Z/nZ) —
GSpy, (Z/mZ) the corresponding canonical map, such that 7, ,;, © pp, = pin -

Let ¢ := ¢(K) be the cardinality of the algebraic closure of the prime field of K in K. Thus ¢ = co if p = 0
and ¢ is a power of p otherwise. As A has big monodromy, we find by Proposition 3.4 an integer ¢ (divisible by

deg(A) and by p, if p # 0) such that im(p,, ) = GSp(QZ) (Z/nZ), for every n coprime to c.
For every prime number ¢ > ¢, we define

X :={o € Gg | A(Ksep(0))[l] # 0}.

Thus, it suffices to prove that (- . Uy, prime ¢ has measure 1. Let Sl (n) c GSpé‘;) (Z/nZ) be the special
sets of symplectic matrices defined in Section 4. By Remark 5.4 p[l (SW) (6)) C X, for every prime number
¢ > c. Thus is suffices to prove that ()~ . Us>, prime o, (S () (¢)) has measure 1. By the basic properties of the

_ §la)
Haar measure, ¢ (p, ' (S'9 (n))) = W

implies that Zl>c prime Ha (pf_l (S((I) (E))) = 0.

© 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Furthermore, if ¢y, ..., ¢, > c are distinct prime numbers and n = ¢; ... ¢, , then
(Yo (8'(6) = o (81 ()
i=1

and part (2) of Theorem 6.1 implies

e (ﬂ ! (5((’)(&))> = [T ne (05" (5 (2))).
i=1 i=1

Hence (p; ' (99)(¢))),. . is a pg-independent sequence of subsets of G. It follows from Lemma 4.3 that
MNise Ursn prime p; ' (S (¢)) has measure 1, as desired. O

We now combine the main theorems 4.1 and 7.1 of this paper with existing computations of monodromy
groups. We will obtain many examples of abelian varieties for which the Conjecture of Geyer and Jarden can be
shown. Certainly, the most prominent monodromy computation is the classical theorem of Serre (cf. [19], [20] for
the number field case; the generalization to finitely generated fields of characteristic zero is well-known): If A is
an abelian variety over a finitely generated field K of characteristic zero with End(A) = Z and dim(A) = 2,6
or odd, then A/ K has big monodromy. Here End(A) = End ; (A ) stands for the absolute endomorphism ring
of A.

Furthermore we focus our attention at abelian varieties with End(A) = Z, which have been recently consid-
ered by Chris Hall in his open image theorem [10]. We will say that an abelian variety A over a finitely generated
field K is of Hall type, if End(A) = Z and K has a discrete valuation v such that the connected component of
the special fibre of the Néron model A — Spec(O, ) of A over the discrete valuation ring O, of v is an extension
of an abelian variety by a 1-dimensional torus. The following result, gives examples of abelian varieties with big
monodromy in all dimensions (and including the case char(K) > 0): If A is an abelian variety of Hall type over
a finitely generated infinite field K, then A/ K has big monodromy. In the special case where K is a global field
this has recently been proved by Hall (cf. [9], [10]). The generalization to an arbitrary finitely generated ground
field K is carried out in our paper [1] using methods of group theory, finiteness properties of the fundamental
group of schemes and Galois theory of large field extensions. In combination with the main theorem we obtain
the following

Corollary 7.2 Let A be an abelian variety over a finitely generated infinite field K. Assume that either condi-
tion (i) or (ii) is satisfied.

(1) A is of Hall type.
(ii) char(K) =0, End(A) = Z and dim(A) = 2,6 or odd.

Then the Conjecture of Geyer and Jarden holds true for A/ K.

We thus obtain over every finitely generated infinite field and for every dimension families of abelian varieties
for which the Conjecture of Geyer and Jarden holds true. In the case when char(K) > 0 the corollary offers the
first evidence for the Conjecture of Geyer and Jarden on torsion going beyond the case of elliptic curves.
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